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Abstract: In this paper, we explore the spectral properties of unbounded generalized Fredholm operators acting
on a non-reflexive Banach space X. The results are formulated in terms of some topological conditions made
on X or on its dual X∗. In addition, we introduce the concept of the so-called g-g-Riesz linear operators as an
extension of Riesz operators. The obtained results are used to discuss the incidence of the behavior of gener-
alized essential spectra. Furthermore, a relation between the generalized essential spectrum and the left (resp.
the right) essential spectrum by means of g-Riesz perturbation is provided.
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1 Introduction

In 1954, A. F. Ruston [17] raised the concept of Riesz-type operators in terms of some spectral properties of com-
pact operators which has been given by F. Riesz in his study of integral equations. In 1966, S. R. Caradus [10]
showed that the classes of Riesz and operatorswhose Fredholm region consists of all non-zero complex numbers
coincide, where the Fredholm region is defined by the set ΦT = {λ : λ − T is a Fredholm operator}. An investiga-
tion of connection between Riesz operators and Fredholm perturbations has been given by M. Schechter [18] as
a complement of [4, 10, 16] and others papers [2, 3]. In 2006, the author of [15] introduced the concept of general-
ized Riesz operators and described the Riesz-Schauder theory of compact operators in the more general setting
of polynomially compact operators.

As is well known, all characterizations of Fredholm operators are developed in terms of invertibility mod-
ulo compact set operators. Sadly, in practical application we face various problems associated with the loss of
compactness of the operators concerned. For this reason, it is convenient that we put our focus on a larger class
of Fredholm operators in non-reflexive Banach spaces. Accordingly, in 1976, K. W. Yang [21] initiated the class of
generalized Fredholm operators, and provided a characterization using weakly compact sets. Recently, in [6],
A. Azzouz,M. Beghdadi andB. Krichen extended some of the results of [21] and gave some sufficient conditions to
an operator to be generalized semi-Fredholm. Their results were formulated in terms of some quantities related
withmeasures of weak noncompactness. However, all these studies were restricted to bounded linear operators
andmissed perturbation results. Formore details, we need to introduce some standard notation from Fredholm
theory. Let X and Y be two Banach spaces. We define by C(X, Y) the set of all closed linear operators from X
into Y having dense domains and byL(X, Y) the space of bounded linear operators from X into Y . If X = Y , then
C(X, Y) and L(X, Y) are respectively replaced by C(X) and L(X). For G ∈ C(X, Y), the sets Θ(G), R(G), Y/R(G)
andN(G) respectively refer to the domain, the range, the co-kernel and the kernel of G. If G ∈ C(X, Y), then Θ(G)
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endowed with the graph norm ‖x‖G = ‖x‖ + ‖Gx‖ is a Banach space denoted by XG . Note that the restriction Ĝ
of the closed operator G on Θ(G) is bounded from XG into Y . If Θ(G) ⊂ Θ(V), then V will be called G-defined.
So, the restriction of V to XG is denoted by V̂ . The linear space X∗ denote the topological dual of the Banach
space X.

Now, we recall that an operator K ∈ L(X, Y) is said weakly compact if K(M) is relatively weakly compact
in Y for every bounded subset M ⊂ X. The family of weakly compact operators from X into Y is denoted by
W(X, Y). If X = Y , thenW(X, X) :=W(X). If T ∈ C(X) and M is a relatively weakly compact subset of X, then M
is not necessarily weakly compact in XT . However, in [1], it was proved under a certain density condition that if
both M and T(M) are relatively weakly compact sets of X, then M is a relatively weakly compact set of XT . For
some extensions to the unbounded case, we make use of the following assumption for T ∈ C(X):

X∗ + X∗ ∘ T is dense in (XT )∗ . (P1)

In what follows, we will use the notation given in [6] and extend them to unbounded setting. The classes
of upper generalized semi-Fredholm operators, lower generalized semi-Fredholm operators and generalized
Fredholm operators are respectively denoted by

Φg+(X, Y) := {T ∈ C(X, Y) : N(T) is reflexive and R(T) is closed in Y},
Φg−(X, Y) := {T ∈ C(X, Y) : Y/R(T) is reflexive and R(T) is closed in Y}

and
Φg(X, Y) := Φg+(X, Y) ∩ Φg−(X, Y).

When X = Y , all the sets Φg(X, Y), Φg+(X, Y) and Φg−(X, Y) are simply substituted by Φg(X), Φg+(X) and
Φg−(X), respectively. Let us consider a complex number λ ∈ Φg,T (X, Y) if λ − T ∈ Φg(X, Y). Additionally, we note
the obvious relations

{
N(Ĝ) = N(G), N(Ĝ + Ĵ) = N(G + J),
R(Ĝ) = R(G), R(Ĝ + Ĵ) = R(G + J).

Then we can see that G ∈ Φg(X) if and only if Ĝ ∈ Φg(XG , X).
For F ∈ C(X, Y), we define the resolvent set of F by

ϱ(F) := {λ ∈ ℂ : λ − F has a bounded inverse},

and the spectrum of F by
σ(F) := ℂ \ ϱ(F).

Several definitions of the essential spectrummay be found in the literature (see [7, 16, 18]). In this work, we
are interested in the generalized Wolf essential spectrum and the generalized Gustafson essential spectrum of
a closed densely defined linear operator T . These essential spectra are respectively defined by

σe1 ,g(T) := {λ ∈ ℂ : (λ − T) ̸∈ Φg+(X)},
σe4 ,g(T) := {λ ∈ ℂ : (λ − T) ̸∈ Φg(X)}.

The generalized resolvent ϱg(T) is ℂ \ σe4 ,g(T).
The purpose of this paper is the study of the class of the so-called g-g-Riesz linear operators acting on

Banach spaces (see Section 4), in particular on spaces satisfying properties (H1) and (H2) (see Definition 2.5)
and its various beneficial interactions in the spectral theory. In particular, we will extend some results of gen-
eralized Fredholm operators developed in [6] to the case of unbounded linear operators acting on a Banach
space using assumption (P1). These results are applied to study the class of g-g-Riesz of linear operators acting
on a Banach space and to establish the stability of various generalized essential spectra. We finish by giving
a relation between the generalized essential spectrum and the left (resp. the right) essential spectrum bymeans
of generalized Riesz perturbation.

The paper can be outlined as follows. In Section 2, we recall some definitions and results that will be uti-
lized throughout the rest of the paper. In Section 3, we introduce some results concerning the class of generalized
Fredholm operators with respect to a given unbounded linear operator. In Section 4, we use the results obtained
in Section 3 to investigate the class of g-g-Riesz operators and study some stability results for generalized essen-
tial spectra.
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2 Preliminary results

We initiate this section by introducing some notations and useful definitions. Let X be a Banach space and
Br = B(0, r) be the open ball of X centered at 0X and with radius r > 0. We denote by MX (resp. MXT ) the set
of bounded subsets of X (resp. XT ), where T ∈ C(X), and byWX the set of all weakly compact subsets of X and
byKX the set of all relatively weakly compact subsets of X. Moreover, let conv(A) denote the convex hull of the
set A ⊂ X. Note that ĀΩ is the weak closure of A in X.

The notion of a weak noncompactness measure was first introduced by F. S. De Blasi [12] and has found
applications in topology and functional analysis (see [4, 9, 13]). An axiomatic definition was given in [8, 9] as
follows.

Definition 2.1. Let X be a Banach space. A function υ : MX → [0, +∞[ is said to be a measure of weak noncom-
pactness in X (in short, MWNC) if for all A, B ∈MX , it satisfies the following conditions:
(i) N(υ) = {A ∈MX such that υ(A) = 0} is nonempty andN(υ) ⊂ KX .
(ii) If A ⊂ B, then υ(A) ≤ υ(B).
(iii) υ(conv(A)) = υ(A).
(iv) υ(λA + (1 − ς)B) ≤ ςυ(A) + (1 − ς)υ(B) for ς ∈ [0, 1].
(v) If An ∈MX are such that An is weakly closed in X with An+1 ⊂ An for n = 1, 2, . . . and if limn→+∞ υ(An) = 0,

then A∞ := ⋂+∞i=1 An ̸= 0.

Definition 2.2 ([8, 9]). Let X be a Banach space and υ be an MWNC in X. Then:
(i) υ satisfies the maximum property if υ(A ∪ B) = max{υ(A), υ(B)} for any A, B ∈MX .
(ii) υ is called homogeneous if υ(ςA) = |ς|υ(A) for any A ∈MX and ς ∈ ℂ.
(iii) υ is called subadditive if υ(A + B) ≤ υ(A) + υ(B) for any A, B ∈MX .
(iv) υ is called sublinear if it is homogeneous and subadditive.
(v) υ is called regular if it is sublinear, has the maximum property andN(υ) = KX .

As an example of ameasure of weak noncompactness in a Banach space, we cite the De Blasi measure Ω defined
onMX as follows:

Ω(A) = inf{r > 0 : there exists N ∈WX such that A ⊂ N + Br}.

Definition 2.3. Let X be a Banach space and let T ∈ L(X). We define themeasure of weak noncompactness of T ,
denoted by ϖ(T), as follows:

ϖ(T) = inf{k > 0 : Ω(T(A)) ≤ kΩ(A) for all A ∈MX}.

Proposition 2.1 ([6]). Let X be a Banach space, let T, S ∈ L(X) and let B ∈MX . Then we have the following prop-
erties:
(i) ϖ(T) = 0 if and only if T is weakly compact,
(ii) Ω(T(B)) ≤ ϖ(T)Ω(B),
(iii) ϖ(TS) ≤ ϖ(T)ϖ(S),
(iv) ϖ(T + S) ≤ ϖ(T) + ϖ(S),
(v) ϖ(λT) = |λ|ϖ(T) for λ ∈ ℂ.

In the sequel, we use the following definition.

Definition 2.4. Let X be a Banach space and let T ∈ C(X). We define themeasure of weak noncompactness of T ,
denoted by υ̃(T), as follows:

υ̃(T) = inf{ε > 0 : υ(T(A)) ≤ ευ(A) for all A ∈MXT }.

The following properties hold.

Remark 2.1. Let X be a Banach space, T ∈ C(X), υ an MWNC in X and let A ∈MX . Then υ(T(A)) ≤ υ̃(T)υ(A).

Proof. The proof follows from Definition 2.4.
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Definition 2.5. Let X be a Banach space. We say that X has property (H1) (resp. (H2)) if every closed reflexive
subspace admits a closed complementary subspace (resp. if every closed subspace with reflexive quotient space
admits a closed complementary subspace). We say that X has property (H) if it satisfies both properties (H1)
and (H2).

Note that if 1 < p < ∞, then Lp(0, 1) has property (H1). Moreover, L1(0, 1) and C(S), the space of all bounded
(real or complex valued) continuous functions on an infinite compact Hausdorff space S, do not have it [14].

Theorem 2.1 ([21]). Let X and Y be two Banach spaces satisfying properties (H1) and (H2), respectively, and let
T ∈ L(X, Y). Then the following assertions are equivalent:
(i) T is a generalized Fredholm operator.
(ii) There exist weakly compact operators W1 ∈W(X) and W2 ∈W(Y) and an operator T0 ∈ L(Y, X) such that

T0T = I +W1, TT0 = I +W2 and R(T) is closed.

Theorem 2.2 ([6]). Let X be a Banach space and let T ∈ L(X) such that ϖ(Tn) < 1 for some n ∈ ℕ \ {0}. Then
(I − T) ∈ Φg(X).

Lemma 2.1 ([1]). Let X be a Banach space and let T ∈ C(X). For A ∈MX (resp. A ∈MXT ), we denote by AΩ

(resp. AΩT ) the weak closure of A in X (resp. in XT ). Then:
(i) X∗ + X∗ ∘ T ⊂ (XT )∗.
(ii) If x ∈ AΩT , then x ∈ AΩ and T(x) ∈ T(A)Ω .
(iii) Moreover, if we suppose that X∗ + X∗ ∘ T is dense in (XT )∗, then for any A ∈MXT we have

A, T(A) ∈WX 󳨐⇒ A ∈WXT .

(iv) If A is weakly compact in XT , then A is weakly compact in X.

Lemma 2.2 ([5]). Let X be a non-reflexive Banach space satisfying property (H1) and T ∈ L(X). If T is left and right
invertible modulo the weakly compact operators, then T ∈ Φg(X).

3 Generalized Fredholm theory by means of the graph measure of
weak noncompactness

Let X be a Banach space, let T ∈ C(X) and let υ be an MWNC in X. We define

Hυ(X) := {T ∈ C(X) : An ∈MXT weakly closed in XT with An+1 ⊂ An ,

if lim
n→+∞ υ(An) = 0 and lim

n→+∞ υ(T(An)) = 0, then
+∞
⋂
i=0 An ̸= 0}

and consider the following non-negative quantities:

γ(T) := sup{υ(T(A))υ(A) : A ∈MXT and υ(A) > 0} = υ̃(T),

δ(T) := inf{υ(T(A))υ(A) : A ∈MXT and υ(A) > 0}.

Theorem 3.1 ([1]). Let X be a Banach space and let υ be anMWNC in X. Let T ∈ Hυ(X). We define υT : MXT → ℝ+
by

υT (A) = υ(A) + υ(T(A)) for all A ∈MXT .

Assume that υ is homogeneous. If we suppose that X∗ + X∗ ∘ T is dense in (XT )∗, then υT is a measure of weak
noncompactness in XT called a graph measure of weak noncompactness associated to υ and T.

Now, we give some properties of γ and δ which will be useful in the sequel.
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Proposition 3.1. Let X be a Banach space, let T ∈ C(X), let υ be an MWNC in X and let α ∈ ℂ. Then the following
statements hold:
(i) If υ is homogeneous, then γ(αT) = |α|γ(T) and δ(αT) = |α|δ(T).
(ii) If υ is regular, then γ(T) = 0 if and only if T is weakly compact.
(iii) If υ is regular, then δ(T +W) = δ(T) for all W ∈W(X).

Proof. Statements (i) and (iii) follow from the definitions of γ and δ together with Definition 2.2.
(ii) Let A be a bounded set of XT such that υ(A) > 0. Taking into account that γ(T) = 0, it follows that

υ(T(A))
υ(A) = 0, hence T(A) is relatively weakly compact. To prove the converse, since T(A) is relatively weakly

compact, we infer that υ(T(A))
υ(A) = 0, and so γ(T) = 0.

Definition 3.1. Let X and Y be two Banach spaces and let T ∈ C(X, Y). We say that T is weakly proper if for every
W ∈WY , T−1(W) ∈WX .

Example 3.1. Let ν be a bounded domain of ℝn , n = 2, 3. We define the Navier–Stokes operator (in bounded
domain) by

N : (0,∞) ×D1,2
0 (ν) → D

1,2
0 (ν), (ϑ, u) 󳨃→ ϑu −N(u),

whereD1,2
0 (ν) is called Leray class. Clearly,D(N) = D

1,2
0 (ν) and R(N) = D1,2

0 (ν). The Navier–Stokes operator N
is uniformly coercive in ϑ > 0. So, by [11, Lemma 29], it follows that N is weakly proper at every F ∈ D1,2

0 (ν).

In what follows, let X and XT be two Banach spaces and T ∈ Hυ(X), we make the following assumption:

X∗ + X∗ ∘ T is dense in (XT )∗ . (P1)

Lemma 3.1. Let X be a Banach space and let υ be a regular MWNC in X. Let T ∈ Hυ(X) satisfy hypothesis (P1).
If δ(T) > 0, then T is weakly proper on bounded subset of XT .

Proof. Let W be a weakly compact set of XT and let D be a weakly closed bounded subset of XT . It remains to
prove that M = D ∩ T−1(W) is relatively weakly compact in XT . Clearly, M ∈MXT . Assuming the contrary, we
have υT (M) > 0.

Case 1: Suppose that υ(T(M)) > 0. We have

T(M) = T(D ∩ T−1(W)) ⊂ T(D) ∩ T(T−1(W)) ⊂ T(D) ∩W,

this mean that
υ(T(M)) ≤ υ(T(D) ∩W) ≤ υ(W).

Hence υ(T(M)) = 0, which is a contradiction.

Case 2: Assume that υ(M) > 0. Taking into account that δ(T)υ(M) ≤ υ(T(M)), we have δ(T) = 0. Contradiction.
Hence υ(T(M)) > 0 and υ(M) > 0. Therefore, we obtain that MΩ and T(M)Ω are weakly compact on X. Now,
according to Lemma 2.1, we conclude that M is relatively weakly compact in XT . This proves the result.

Proposition 3.2. Let X be a non-reflexive Banach space and let υ be a regular MWNC in X. Let T ∈ Hυ(X) satisfy
hypothesis (P1). If δ(T) > 0, then T is an upper generalized Fredholm operator.

Proof. Taking into account that δ(T) > 0, it follows from Lemma 3.1 that T is weakly proper on bounded sub-
sets of XT . Then T̂ is weakly proper on bounded subsets of X. Taking into account that B ∩ T̂−1(W) ∈W(X) for
all B ∈MX , using [6, Theorem 3.5], we deduce that T̂ ∈ Φg+(XT , X). Consequently, T is an upper generalized
Fredholm operator.

Theorem 3.2 ([5]). Let X be a Banach space having property (H1) and let T ∈ L(X). If T ∈ Φg+ (X), then there exist
S ∈ L(X) and W ∈W(X) such that ST = I −W.

Theorem 3.3. Let X be a non-reflexive Banach space, let υ be a regular MWNC in X and let T ∈ C(X). Assume that
XT satisfies property (H1) and T is a generalized Fredholm. Then δ(T) > 0.

Proof. Since T ∈ Φg+(X), we infer that T̂ ∈ Φg+(XT , X). Taking into account that XT satisfies property (H1), due
to Theorem 3.2, there exist F ∈ L(X, XT ) and W ∈W(XT ) such that FT̂ = IXT −W . To prove the result, we sup-
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pose the opposite, i.e., we have δ(T) = 0 and ε < 1
υ̃(F) . In that case there exists D ∈MXT with υ(D) > 0 and

υ(T(D))
υ(D) ≤ 1

υ̃(F) . Then
υ(T(D)) ≤ ευ(D) ≤ ευ((FT̂ +W)D) ≤ ευ̃(F)υ(T(D)).

Therefore, we have (1 − ευ̃(F))υ(T(D)) ≤ 0. Using the fact ευ̃(F) < 1, we infer that υ(T(D)) = 0, which implies
that T(D) is relativelyweakly compact. Now, it can be seen that υ(D) = υ(FT̂(D) +W(D)). Consequently, we have
υ(D) = 0, contradiction.

Theorem 3.4. Let X be a non-reflexive Banach space, let υ be a regular MWNC in X and let T ∈ Hυ(X) satisfying
hypothesis (P1). Let S ∈ L(X) and let XT satisfy property (H1). Then from ST ∈ Φg+(X), we have T ∈ Φg+(X).
Proof. Let ST ∈ Φg+(X). Then ST̂ ∈ Φg+(XT , X). Since XT satisfies property (H1), there exist K ∈ L(X, XT ) and
W1 ∈W(XT ) such that KST̂ = IXT +W1. Arguing as in the proof of Theorem 3.3, we deduce that δ(T) > 0. Now,
applying Proposition 3.2, we infer that T ∈ Φg+(X).
Remark 3.1. Let X be a Banach space, let T ∈ C(X), S ∈ L(X) and let υ be anMWNC in X. Then δ(ST) ≥ δ(S)δ(T).

Proof. As a direct consequence of the properties of υ, we obtain that
υ(ST(A))
υ(A) ≤

υ(S(T(A)))
υ(A) ≤ γ(S)

υ(T(A))
υ(A) .

Then
inf{υ(ST(A))υ(A) : υ(A) > 0} ≥ γ(S) inf{υ(T(A))υ(A) : υ(A) > 0}.

Hence δ(ST) ≥ δ(S)δ(T), which completes the proof.

Theorem 3.5. Let X be a non-reflexive Banach space, let υ be a regular MWNC in X and let T ∈ Hυ(X) satisfying
hypothesis (P1). Let S ∈ L(X) and XT satisfy property (H1). The following statements hold:
(i) If T ∈ Φg+(X) and S ∈ Φg+(X), then ST ∈ Φg+(X).
(ii) If T ∈ Φg+(X) and W ∈W(X), then (T +W) ∈ Φg+(X).
Proof. (i) Taking into account that T, S ∈ Φg+(X), by using Theorem 3.3, we infer that δ(T) > 0 and δ(S) > 0.
It follows by Remark 3.1 that δ(ST) > 0. Consequently, ST ∈ Φg+(X).

(ii) Since T ∈ Φg+(X),W ∈W(X) and XT has property (H1), fromProposition 3.1,we get δ(T +W) = δ(T) > 0.
This implies, using Proposition 3.2, that (T +W) ∈ Φg+(X).
Theorem 3.6. Let X be a non-reflexive Banach space. Let T ∈ C(X), S ∈ L(X). Assume that XT and X satisfy prop-
erties (H1) and (H), respectively. Then the following statements hold:
(i) If T ∈ Φg(X) and S ∈ Φg(X), then ST ∈ Φg(X).
(ii) If T ∈ Φg(X) and W ∈W(X), then (T +W) ∈ Φg(X).

Proof. (i) Since T ∈ Φg(X) and S ∈ Φg(X), it follows that T̂ ∈ Φg(XT , X). Since XT satisfies property (H1) and X
has property (H), using Theorem 2.1, we infer that there exist T0 ∈ L(X, XT ) andW1 ∈W(XT ),W2 ,W4 ∈W(X)
andW3 ∈W(X) such that T0T̂ = IXT +W1, T̂T0 = IX +W2, S0S = IX +W3 and SS0 = IX +W4. Then

T0S0ST̂ = T0(IX +W3)T̂ = IXT +W1 + T0W3T̂ = IXT +W5 , W5 ∈W(XT ),

and
ST̂T0S0 = S(IX +W2)S0 = IX +W4 + SW2S0 = IX +W6 , W6 ∈W(X).

Using Remark 2.2, we deduce that ST ∈ Φg(X).
(ii) Arguing as in the proof of (i), we deduce that (T +W) ∈ Φg(X).

4 The g-g-Riesz operators

In this section, we investigate the class of g-g-Riesz linear operators acting on a Banach space X having some
properties.
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Definition 4.1. Let X be a Banach space and let T ∈ L(X). We say that T is a g-g-Riesz operator if there exists
a finite subset E of ℂ containing 0 such that λ − T ∈ Φg(X) for all λ ∈ ℂ \ E. The set E is called a generalized set
of T . We denote by gRg(X) the set of g-g-Riesz operators acting on X.

Remark 4.1. Wemake the following observations:
(i) Every weakly compact operator is a g-g-Riesz operator.
(ii) Note that for E = {0}, we denote by Rg(X) the set of g-Riesz operators acting on a Banach space X (see [5]).

Theorem 4.1. Let X be a non-reflexive Banach space having property (H1) and let X∗ satisfy property (H1). Let
T ∈ L(X) and let Q be a non-zero complex polynomial, with zeros y1 , . . . , yp , such that Q(T) is a g-Riesz operator.
Then T is a g-g-Riesz operator with a generalized set E = {0, y1 , . . . , yp}.

Proof. Assume that there exists Q, a non-zero complex polynomial. Put

Q(y) =
p
∑
j=0 ajyj .

For ξ ∈ ℂ \ {0, y1 , . . . , yp}, we have

Q(ξ) − Q(T) =
p
∑
j=1 aj(ξ j − T j).

However, for any j ∈ {1, . . . , p}, ξ j − T j = (ξ − T), ∑j−1i=0 ξ iT j−1−i . This allows us to write
Q(ξ) − Q(T) = (ξ − T)P(T) = P(T)(ξ − T), (4.1)

where

P(T) =
p
∑
j=1 aj

j−1
∑
i=0 ξ iT j−1−i .

Now, taking into account that Q(T) is a g-Riesz operator, it follows that υ − Q(T) ∈ Φg(X) for all υ ∈ ℂ \ {0}. Then,
in particular, for υ = Q(ξ) we get

Q(ξ) − Q(T) ∈ Φg(X).

Using equation (4.1), we have (ξ − T)P(T) ∈ Φg(X) and P(T)(ξ − T) ∈ Φg(X). Hence, in view of [6, Theorem 3.9],
we obtain that ξ − T ∈ Φg(X) for all ξ ∈ ℂ \ {0, y1 , . . . , yp}. Consequently, T is a g-g-Riesz operator with a gener-
alized set E = {0, y1 , . . . , yp}.

Theorem 4.2 ([5]). Let X be a non-reflexive Banach space having property (H) and let T, S ∈ L(X) be such that
TS = ST. Then the following statements hold:
(i) If T ∈ Rg(X), then TS ∈ Rg(X).
(ii) If T, S ∈ Rg(X), then T + S ∈ Rg(X).

Proposition 4.1. Let X be a non-reflexive Banach space having property (H), let X∗ satisfy property (H1) and let
T ∈ L(X). Let ω ̸= 0 be an open and connected subset of ℂ such that σ(T) ⊂ ω and let φ : ω → ℂ be an analytic
function. If φ(T) is a g-Riesz operator, then T is a g-g-Riesz operator.

Proof. As φ is analytic in the compact σ(T), it has finite number of zeros {ρ1 , . . . , ρn}. We can write

φ(z) =
n
∏
i=1(z − ρi)g(z),

where g is an analytic function on a neighborhood of σ(T) such that g(z) has no zero in σ(T). Next, we define
the map r by r(z) = 1

g(z) , where r is an analytic function on a neighborhood of σ(T). Therefore, we have
n
∏
i=1(z − ρi) = φ(z)r(z) = r(z)φ(z).

This fact, together with [19, Lemma 6.15], proves that∏n
i=1(T − ρi) = φ(T)r(T) = r(T)φ(T). Taking into account

that φ(T) is g-Riesz, it follows from Theorem 4.2 that ∏n
i=1(T − ρi) is g-Riesz. Accordingly to Theorem 4.1, we

conclude that T is a g-g-Riesz operator with a generalized set E = {0, ρ1 , . . . , ρn}.
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Theorem 4.3 ([5]). Let X be a non-reflexive Banach space having property (H) and let T, S be two commuting
bounded linear operators on X. Then:
(i) If T ∈ Rg(X) and S ∈ Φg(X), then T + S ∈ Φg(X).
(ii) If T ∈ Φg(X) and TS ∈ Rg(X), then S ∈ Rg(X).

Theorem 4.4. Let X be a non-reflexive Banach space having property (H) and let X∗ satisfy property (H1). Let
T, S ∈ L(X) commute and let E be a finite subset of ℂ containing 0. Assume that there exists a non-zero complex
polynomial P such that P(T) ∈ Rg(X). If S is a g-g-Riesz operator with a generalized set E and P(λ) ̸= 0 for all
λ ∈ E, then S − T ∈ Φg(X).

Proof. Assume that P is a unit polynomial such that

P(z) =
n
∏
i=1(λi − z) with λi ∈ ℂ \ E.

Since S is a g-g-Riesz operator, this implies that λ − S ∈ Φg(X) for all λ ∈ ℂ \ E. Furthermore, since P(λ) ̸= 0 for
all λ ∈ E, it follows that P(S) = ∏n

i=1(λi − S) with λi ∈ ℂ \ E. We have λi − S ∈ Φg(X) for all i = 1, . . . , n. Thus,
from Theorem 3.6, it follows that P(S) ∈ Φg(X). Taking into account that P(T) ∈ Rg(X) and P(T), P(S) commute,
using Theorem 4.3, we deduce that P(S) − P(T) ∈ Φg(X).

We can write
P(S) − P(T) = R(S, T)(S − T) = (S − T)R(S, T), (4.2)

where R is a polynomial of S and T . Using equation (4.2) together with [6, Theorem 3.9], we conclude that
S − T ∈ Φg(X).

Corollary 4.1. Let X be a non-reflexive Banach space satisfying property (H) and let X∗ satisfy property (H1). Let
T, S ∈ L(X) commute and let E be a finite subset ofℂ containing 0. Suppose that Tp ∈ Rg(X) for some p ∈ ℕ∗. If S
is a g-g-Riesz operator with a generalized set E, then S − T ∈ Φg(X).

Now, we establish the following theorem as a generalization of a theorem in [6] involving the class of g-g-Riesz
operators.

Theorem 4.5. Let X be a non-reflexive Banach spaces satisfying property (H). Assume that S is a g-g-Riesz opera-
tor and there is η > 0 such that for any T ∈ L(X) we have ‖T‖ < η. Then S + T is g-g-Riesz operator.

Proof. Since S is a g-g-Riesz operator, it follows that there exists a finite subset E of ℂ containing 0 such that
λ − S ∈ Φg(X) for all λ ∈ ℂ \ E. Thus, using Theorem 2.1, there exist U ∈ L(X) and W1 ,W2 ∈W(X) such that
(λ − S)U = I +W1 and U(λ − S) = I +W2. Hence

(λ − S − T)U = (λ − S)U − TU,
U(λ − S − T) = U(λ − S) − UT.

Taking η = ‖U‖−1, we get ‖UT‖ < 1 and ‖TU‖ < 1. Thus the operators I − UT and I − TU have bounded inverses,
and we can write

(λ − S − T)U(I − TU)−1 = I +W1(I − TU)−1 ,
(I − UT)−1U(λ − S − T) = I + (I − UT)−1W2 .

Using Lemma 2.2, we obtain λ − S − T ∈ Φg(X) for all λ ∈ ℂ \ E. Consequently, S + T is a g-g-Riesz operator.

Theorem 4.6. Let X be a non-reflexive Banach space satisfying property (H) and let T ∈ L(X). If T is a g-g-Riesz
operator and W ∈W(X), then T +W is a g-g-Riesz operator.

Proof. Taking into account that T is a g-g-Riesz operator, there exists a finite subset E ofℂ containing 0 such that
λ − T ∈ Φg(X) for all λ ∈ ℂ \ E. According to Theorem 2.1, it yields that there exist F ∈ L(X) andW1 ,W2 ∈W(X)
such that F(λ − T) = I +W1 and (λ − T)F = I +W2. It follows that

F(λ − T −W) = F(λ − T) − FW = I +W3 ,
(λ − T −W)F = (λ − T)F −WF = I +W4 ,

whereW3 ,W4 ∈W(X).
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Furthermore, using Lemma 2.2, we deduce that λ − T −W ∈ Φg(X) for all λ ∈ ℂ \ E. Consequently, T +W
is a g-g-Riesz operator.

Theorem 4.7 ([5]). Let X be a non-reflexive Banach space satisfying property (H) and let T, S ∈ L(X) be such that
ST ∈ Φg(X). Then T ∈ Φg(X) if and only if S ∈ Φg(X).

Theorem 4.8. Let X be a non-reflexive Banach space having property (H) and let P, Q ∈ L(X) be such that P2 = P,
Q2 = Q and T = PQ, S = QP. If T ∈ Φg(X) and TS is g-g-Riesz, then T is a g-g-Riesz operator.

Proof. As TS is g-g-Riesz, it follows that there exists a finite subset E ofℂ containing 0 such that λ − TS ∈ Φg(X)
for all λ ∈ ℂ \ E. Furthermore, using Theorem3.6 togetherwith the fact T ∈ Φg(X), we lead to (λ − TS)T ∈ Φg(X).
Now, applying [20, Theorem 1.1], we find that λT − TST = λT − T2 = (λ − T)T ∈ Φg(X). This implies by the use
of Theorem 4.7 that λ − T ∈ Φg(X) for all λ ∈ ℂ \ E. Consequently, T is a g-g-Riesz.

Now, we discuss the incidence of some perturbation results realized on the behavior of the generalized
S-essential spectrum of operators in C(X).

Definition 4.2. Let X and Y be two Banach spaces. An operator T ∈ L(X, Y) is said to have a left generalized
Fredholm inverse if there exists A ∈ L(Y, X) such that I − AT ∈W(X).

Definition 4.3. Let X be a Banach space and let T ∈ L(X). We define the set Ilg,T (X) by

Ilg,T (X) := {K ∈ L(X) : K is a left generalized Fredholm inverse of T}.

Theorem 4.9. Let X be a non-reflexive Banach space having property (H) and let υ be an MWNC in X. Let
T, S ∈ L(X). If S is a g-g-Riesz operator, let L ∈ Ilg,λ−S(X) and let ϖ(TL) < 1. Then T + S is g-g-Riesz operator.
Proof. As S is a g-g-Riesz operator, there exists a finite subset E ofℂ containing 0 such that λ − S ∈ Φg(X) for all
λ ∈ ℂ \ E. Taking into account thatϖ(TL) < 1, it follows from Theorem 2.2 that (I − TL) ∈ Φg(X). By using Theo-
rem 3.6, we get (I − TL)(λ − S) ∈ Φg(X). Since L ∈ Ilg,λ−S(X), there existsW ∈W(X) such that L(λ − S) = I −W .
On the other hand, we have

(I − TL)(λ − S) = λ − S − TL(λ − S) = λ − S − T + TW.

Then we get λ − S − T + TW ∈ Φg(X). Hence, using Theorem 3.6, we obtain λ − T − S ∈ Φg(X) for all λ ∈ ℂ \ E.
Consequently, T + S is a g-g-Riesz operator.

Theorem 4.10. Let X be a non-reflexive Banach space having property (H). Let T, S ∈ L(X) and let E be a finite
subset of ℂ containing 0. If for every λ ∈ Φg,T (X) \ E there exists U ∈ Ilg,λ−T (X) and SU is a g-g-Riesz operator
with a generalized set E, then

σe4 ,g(T + S) \ E ⊆ σe4 ,g(T) \ E.

Proof. Taking into account that SU is g-g-Riesz with a generalized set E, we have (λ − SU) ∈ Φg(X) for all
λ ∈ ℂ \ E. Since U ∈ Ilg,λ−T (X), there existsW1 ∈W(X) such that U(λ − T) = I −W1. Furthermore, we can write

λ − T − S = (I − SU)(λ − T) − SW1 . (4.3)

In fact, let λ ∉ σe4 ,g(T) \ E. Then λ − T ∈ Φg(X). Using Theorem 3.6, we obtain (λ − SU)(λ − T) ∈ Φg(X). Due to
SW1 ∈W(X), we have λ − T − S ∈ Φg(X). This means λ − T − S ∈ Φg(X). Consequently, λ ∉ σe4 ,g(T + S) \ E.

Remark 4.2 ([5]). Let X be a Banach space and T ∈ L(X). Then T ∈ Rg(X) if and only if I + λT ∈ Φg(X) for each λ.

Now, we give a relation between the generalized Wolf essential spectrum and the left (resp. the right) essential
spectrumof an operator acting on aBanach space X bymeans of g-Riesz operators. Inwhat follows, for T ∈ L(X),
we define the following sets:

σ∗e4 (T) := ⋂
W∈W(X)σ(T +W),

ΩL
T (X) := {W ∈ L(X) : −(λ − T −W)

−1W ∈ Rg(X) for all λ ∈ ϱ(T +W)},
ΩR
T (X) := {W ∈ L(X) : −W(λ − T −W)

−1 ∈ Rg(X) for all λ ∈ ϱ(T +W)}.
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Moreover, we denote

σL(T) := ⋂
W∈ΩL

T (X)σ(T +W) and σR(T) := ⋂
W∈ΩR

T (X)σ(T +W).
Theorem 4.11. Let X be a non-reflexive Banach space satisfying property (H) and let T ∈ L(X). Then:
(i) σe4 ,g(T) ⊂ σL(T) ⊂ σ∗e4 (T),
(ii) σe4 ,g(T) ⊂ σR(T) ⊂ σ∗e4 (T).
Proof. (i) For λ ∈ ϱ(T +W), we have

λ − T = (λ − T −W)(I + (λ − T −W)−1W). (4.4)

Obviously,W(X) ⊂ ΩL
T (X), which implies that

⋂
W∈ΩL

T (X)σ(T +W) ⊂ σ∗e4 (T).
Now, we prove that

σe4 ,g(T) ⊂ ⋂
W∈ΩL

T (X)σ(T +W).
Let λ ∉ ⋂W∈ΩL

T (X)σ(T +W). Then there exists W ∈ ΩL
T (X) such that λ ∉ σ(T +W). So, λ − T −W ∈ Φg(X). Fur-

thermore, it follows from the fact −(λ − T −W)−1W ∈ Rg(X) together with Remark 4.2 that

I + (λ − T −W)−1W ∈ Φg(X).

Now, the use of equation (4.4) togetherwith Theorem3.6 enables us to conclude that λ − T ∈ Φg(X), which allows
us to get λ ∉ σe4 ,g(T). Consequently, σe4 ,g(T) ⊂ ⋂W∈ΩL

T (X)σ(T +W).
(ii) Proceeding like in the proof of (i), we obtain the desired result by replacing equation (4.4) by

(λ − T) = (I +W(λ − T −W)−1)(λ − T −W),
which completes the proof.
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