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Abstract: In this paper, we develop some generalized Fredholm perturbation results for bounded linear opera-
tors acting on non-reflexive Banach spaces satisfying certain conditions. Furthermore, we investigate the
stability of the generalized Schechter S-essential spectrum by means of the so-called generalized Fredholm
index. This concept is introduced as a semigroup homomorphism satisfying certain properties. Some general-
ized Fredholm results for block operator matrices acting on a non-reflexive product of two Banach spaces are
also developed.
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1 Introduction

The perturbation theory has developed into an important field of study in both pure and applied mathematics.
It has been revealed as a very powerful and important tool in the study of the behavior of spectral properties
of linear operators undergoing a small change. Various aspects of perturbations for linear operators may be
found in [11, 14, 17]. In particular, the Fredholm perturbation classes, introduced in [10], played an important
role in the description of the essential spectrum of bounded or unbounded linear operators. In 1976, Yang [24]
introduced and studied the concept of generalized Fredholm operators for bounded linear operators acting
on Banach spaces as an extension of the notion of Fredholm operators. This definition asserts that a bounded
linear operator is a generalized Fredholm operator if its range is closed and both its kernel and co-kernel are
reflexive. Based on this definition, we are mainly interested in the study of a large class of Fredholm operators
by introducing the class of generalized Fredholm perturbations for bounded linear operators acting on non-
reflexive Banach spaces satisfying certain topological properties.

First, let us recall some standard notations from the Fredholm and generalized Fredholm theories needed
in this paper (see, for instance, [1, 17, 22, 24]). Let X and Y be two Banach spaces. The set of all bounded (resp.
compact), linear operators from X into Y is denoted by L(X, Y) (resp. K(X, Y)). The dual (resp. the bidual) is
denoted by X∗ (resp. X∗∗), T∗ is the conjugate of an operator T , and T∗∗ is the second conjugate. For T ∈ L(X, Y),
we use α(T) and β(T) to denote the dimension of the kernel N(T) and the codimension of the range R(T) in Y ,
respectively. An operator T ∈ L(X, Y) is called a Fredholm operator if it has a finite-dimensional kernel space
and a closed range with finite codimension; its index is given by i(T) = α(T) − β(T). The operator T is said to
be weakly compact if T(M) is relatively weakly compact in Y for every bounded subset M of X. The family of
weakly compact operators from X into Y is denoted byW(X, Y). If X = Y , this family of operators, denoted by
W(X) :=W(X, X), is a closed two-sided ideal of L(X) containing the closed ideal of compact operators (see [8]).
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Further, an operator T is said to be Tauberian whenever T∗∗ preserves the naturel embedding of X into its
double dual, i.e., x ∈ X∗, T∗∗x ∈ Y implies X ∈ X. It is immediate that if T is a Tauberian operator and T∗∗x = 0,
x ∈ X∗∗, then x ∈ X. This implies thatN(T) is reflexive. In particular, ifR(T) is closed, then T is Tauberian if and
only ifN(T) is reflexive. Also, T is co-Tauberian if its conjugate T∗ is Tauberian. Furthermore, T is said invertible
modulo weakly compact operators if there existW1 ∈W(X),W2 ∈W(Y) and an operator T0 ∈ L(Y, X) such that
T0T = I +W1 and TT0 = I +W2. If S is a non-null bounded linear operator from X into Y and T ∈ L(X, Y), we
define the S-resolvent set of T by

ρS(T) := {λ ∈ ℂ : λS − T has a bounded inverse},

and the S-spectrum of T by
σS(T) := ℂ \ ρS(T).

Next, using the notations given in [5], we define the class of upper generalized semi-Fredholm operators from X
into Y by

Φg+(X, Y) := {T ∈ L(X, Y) : N(T) is reflexive and R(T) is closed in Y},

and the class of lower generalized semi-Fredholm operators from X into Y by

Φg−(X, Y) := {T ∈ L(X, Y) : Y/R(T) is reflexive and R(T) is closed in Y}.

Here, we denote by Φg(X, Y) := Φg+(X, Y) ∩ Φg−(X, Y) the set of generalized Fredholm operators inL(X, Y), and
by Φg±(X, Y) := Φg+(X, Y) ∪ Φg−(X, Y) the set of generalized semi-Fredholm operators. If X = Y , the setsL(X, Y),
K(X, Y), Φg(X, X), Φg+(X, Y), Φg−(X, Y), and Φg±(X, Y) are replaced by L(X),K(X), Φg(X), Φg+(X), Φg−(X), and
Φg±(X), respectively. Observe that, when X is a reflexive space, Φg(X) simply consists of linear operators having
closed ranges. Furthermore, we note that in an infinite-dimensional Banach space X we have Φ(X) ⊊ Φg(X),
where Φ(X) is the set of Fredholm operators on X. Indeed, for 1 < p < ∞, there exists a projection P ∈ L(Lp) into
the closed subspace generated by Rademacher functions (see the proof of [2, Proposition 6.4.2]). The operator
I − P : Lp → Lp has a closed range since R(I − P) = N(P). Hence, by the reflexivity of the space Lp , we deduce
that I − P ∈ Φg(Lp). On the other hand,N(I − P) is the closed subspace generated by the Rademacher functions
which is strongly embedded (see [2, Proposition 6.4.5]). Hence, I − P has an infinite-dimensional kernel, and
therefore I − P is not Fredholm.

Now, for S ∈ L(X, Y), S ̸= 0, a complex number λ is in Φg+,T,S , Φg−,T,S , Φg±,T,S , or Φg,T,S , if λS − T is in
Φg+(X, Y), Φg−(X, Y), Φg±(X, Y), or Φg(X, Y), respectively. If S = I, then the sets Φg+,T,S , Φg−,T,S , Φg±,T,S , and
Φg,T,S are simply denoted by Φg+,T , Φg−,T , Φg±,T , and Φg,T , respectively. We say that X has the property (H1)
(resp. (H2)) if every reflexive subspace admits a closed complementary subspace (resp. if every closed subspace
with reflexive quotient space admits a closed complementary subspace). We say that X has the property (H) if
it satisfies both properties (H1) and (H2). For example, the Lp(0, 1) spaces for 1 < p < ∞ have the property (H)
(see [21]).

In [24], Yang characterized the set of generalized Fredholm operators from X into Y as those bounded
operators invertible modulo the two-sided ideal of weakly compact operators having closed range. More pre-
cisely, it was proved in [24, Theorem 5.10] that if X and Y are two Banach spaces satisfying the properties (H1)
and (H2), respectively, and T ∈ L(X, Y), then T ∈ Φg(X, Y) if and only if T is invertible modulo weakly compact
operators and R(T) is closed. Also, in [24], Yang proved that the set of generalized Fredholm operators is also
an intersection of the co-Tauberian operators with closed range and Tauberian operators. Recently, Azzouz,
Beghdadi and Krichen [5] continued this study to investigate the generalized S-essential spectra of a bounded
linear operator T ∈ L(X, Y)with respect to a given linear operator S ∈ L(X, Y). In fact, their studywas restricted
to the generalized Wolf S-essential spectrum and the generalized Gustafson S-essential spectrum, which are
respectively defined by

σSe4 ,g(T) := {λ ∈ ℂ : (λS − T) ̸∈ Φg(X)} := ℂ \ Φg,T,S ,
σSe1 ,g(T) := {λ ∈ ℂ : (λS − T) ̸∈ Φg+(X)} := ℂ \ Φg+,T,S .

Note that if S = I, the two previous generalized essential spectra of T will be respectively replaced by σe4 ,g(T)
and σe1 ,g(T).
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The first aim of this work is to investigate the stability of the generalized Schechter S-essential spectrum
by defining the so-called generalized Fredholm index. This axiomatic definition may be seen as an extension of
the classical Fredholm index. It is introduced as a semigroup homomorphism satisfying certain properties and
is defined on the set of generalized Fredholm operators acting on a non-reflexive Banach space satisfying the
property (H). Moreover, inspired by the method developed in [13], we show that the generalized Wolf essential
spectrum satisfies the spectral mapping theorem for complex-valued functions which are locally holomorphic
on an open set containing the spectrum.

The second aim of this paper is to apply our results to investigate the generalized essential spectrum of
2 × 2 block operator matrices acting on a non-reflexive product of two Banach spaces. Our results extend many
known ones in the literature, in particular, those obtained in the works [1, 16, 19, 20] and the books [14, 23].

This paper is organized in the following way. In Section 2, we recall some definitions and results needed
throughout this paper. In Section 3, we establish some generalized Fredholm perturbation results on non-
reflexive Banach spaces. We apply these results to discuss the stability of the generalized Schechter essential
spectrum. Further, we investigate the spectral mapping theorem for the generalized Wolf essential spectrum
and the generalized Schechter essential spectrum. In Section 4, we provide some sufficient conditions for a 2 × 2
block operator matrices to be generalized Fredholm.

2 Preliminaries

The concept of measure of weak noncompactness has many applications in operator theory, fixed point theory
and the theories of differential and integral equations (see, e.g., [3, 6, 9, 15]). It was originally introduced by De
Blasi [7]. Now, let us recall the axiomatic approach in defining measures of weak noncompactness. First, let us
denote by X a Banach space and by X∗ its topological dual. Let Br = B(0, r) be the open ball centered at 0 with
radius r and let Br be its closure. Let the family of all nonempty bounded subsets of X be denoted byMX and
its subfamily of all relatively weakly compact sets by Mw

X . Moreover, let conv(A) denote the convex hull of a
subset A of X.

Definition 2.1 ([6]). Let X be a Banach space and let μ : MX → [0, +∞[ be a real-valued function. We call μ
a measure of weak noncompactness on X if the following conditions are satisfied for any elements A, B ofMX :
(i) μ(A) = 0 if and only if A is relatively weakly compact.
(ii) If A ⊂ B, then μ(A) ≤ μ(B).
(iii) μ(conv(A)) = μ(A).
(iv) μ(A ∪ B) = max{μ(A), μ(B)}.
(v) μ(A + B) ≤ μ(A) + μ(B).
(vi) μ(λA) = |λ|μ(A) for λ ∈ ℂ.

As an example of a measure of weak noncompactness in a Banach space X, we have the measure of noncom-
pactness defined by De Blasi (see [7]) in the following formula:

ω(A) = inf{r > 0 : there exists N ∈Mw
X such that A ⊂ N + Br}.

Moreover, we can define themeasure ofweak noncompactness of a bounded linear operator T , denoted byω(T),
as follows:

ω(T) = inf{k : ω(T(A)) ≤ kω(A) for all A ∈MX}.

In the next proposition, we recall some properties of ω( ⋅ ).

Proposition 2.2 ([7]). Let X be a Banach space, let T, S ∈ L(X) and let B ∈MX . Then we have the following prop-
erties:
(i) ω(T) = 0 if and only if T is weakly compact.
(ii) ω(T(B)) ≤ ω(T)ω(B).
(iii) ω(TS) ≤ ω(T)ω(S).
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(iv) ω(T + S) ≤ ω(T) + ω(S).
(v) ω(λT) = |λ|ω(T), for λ ∈ ℂ.

Definition 2.3 ([4]). Let X be a non-reflexive Banach space and let T ∈ L(X). We introduce the following non-
negative quantities:

β(T) := inf{ω(T(A))ω(A)
: A ∈MX and ω(A) > 0}.

Theorem 2.4 ([5]). Let X be a non-reflexive Banach space and let T ∈ L(X). The following statements hold:
(i) If β(T) > 0, then T ∈ Φg+(X).
(ii) If X satisfies the property (H1) and T ∈ Φg+(X). then β(T) > 0.

From this theorem, we immediately obtain the following properties.

Theorem 2.5 ([5]). Let X be a non-reflexive Banach and let T, S ∈ L(X).
(i) If ST ∈ Φg+(X) and X satisfies the property (H1), then T ∈ Φg+(X).
(ii) If ST ∈ Φg−(X) and X∗ satisfies the property (H1), then S ∈ Φg−(X).
(iii) If ST ∈ Φg(X) and X and X∗ satisfy the property (H1), then S ∈ Φg−(X) and T ∈ Φg+(X).

Theorem 2.6 ([5]). Let X, Y and Z be three non-reflexive Banach spaces and let T ∈ L(X, Y) and S ∈ L(Y, Z). Then
the following statements hold:
(i) Suppose X, Y and Z satisfy the properties (H1), (H) and (H2), respectively. If T ∈ Φg(X, Y) and S ∈ Φg(Y, Z),

then ST ∈ Φg(X, Z).
(ii) Suppose X and Y satisfy the properties (H1) and (H2), respectively. If T ∈ Φg(X, Y) and W ∈W(X, Y), then

T +W ∈ Φg(X, Y).
For X = Y = Y, we have the following assertions:
(i) Suppose X satisfies the property (H1). If T ∈ Φg+(X) and S ∈ Φg+(X), then ST ∈ Φg+(X).
(ii) Suppose X satisfies the property (H). If T ∈ Φg−(X) and S ∈ Φg−(X), then ST ∈ Φg−(X).

The next proposition gives another equivalent definition to the generalized Gustafson S-essential spectrum.

Proposition 2.7 ([5]). Let X be a non-reflexive Banach space having the property (H1) and let T and S be two
bounded linear operators on X. Then

σSe1 ,g(T) = ⋂
W∈W(X)

σSe4 ,g(T +W).

To end this section, we recall the following result established in [5].

Proposition 2.8. Let X be a Banach space and let T ∈ L(X) such that ω(Tn) < 1 for some n ∈ ℕ \ {0}. Then
(I − T) ∈ Φg(X).

3 Some generalized Fredholm perturbation results

We begin with the following lemma.

Lemma 3.1. Let X be a Banach space. If X satisfies the property (H2), then X∗ satisfies the property (H1).

Proof. Suppose that X satisfies the property (H2). For a subspace M of X and a subspace N of X∗, we call

M∘ = {x∗ ∈ X∗ : x∗(x) = 0 for all x ∈ M} ⊂ X∗

the annihilator of M, and we call

∘N = {x ∈ X : x∗(x) = 0 for all x∗ ∈ N} ⊂ X

the pre-annihilator of N . Let N be a reflexive subspace of X∗. Obviously, ∘N is closed in X. Then (X/∘N)∗ is
isomorphic to (∘N)∘. By the reflexivity of N , we have (∘N)∘ = N (see [22, Theorem 8.5]). Consequently, [22, Theo-
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rem 8.1] yields that X/∘N is reflexive. Now, since X satisfies the property (H2), there exists a closed subspace M
of X such that

X =∘ N ⊕ M.

Therefore, from [11, Lemma 4.1.11], we obtain

X∗ = (∘N)∘ ⊕ M∘ = N ⊕ M∘ .

Thus, N is complemented in X∗.

Remark 3.2. When X is a reflexive space, it is easy to check that if X satisfies the property (H1), then X∗ does so
too.

Definition 3.3 ([13]). LetB be a Banach algebra. An open semigroup U ofBwill be called an F-semigroup if the
following conditions hold:
(i) a, b ∈ B and ab = ba ∈ U imply b ∈ U and b ∈ U.
(ii) There exists a closed ideal R such that U = q−1(S), where S is an open semigroup in B/R containing G

(here G is the group of invertible elements in B/R) and having the property that S \ G is also open, and q
is the canonical homomorphism ofB intoB/R.

We now prove that Φg(X) is an F-semigroup in L(X), where X is a non-reflexive Banach space satisfying the
property (H).

Example 3.4. Let X be a non-reflexive Banach space satisfying the property (H). Then Φg(X) is an F-semigroup
inL(X). Indeed, it follows from [5, Theorem 3.12] that Φg(X) is an open semigroup. Next, let T , S ∈ L(X) such that
ST = TS ∈ Φg(X). Since X satisfies the property (H), Lemma 3.1 yields that X∗ satisfies the property (H1). Hence,
we can apply Theorem 2.5 (iii) and deduce that T ∈ Φg(X) and S ∈ Φg(X). Now, since X satisfies the property (H),
it follows from [24, Theorem5.10] that Φg(X) = π−1(G), whereG is the groupof invertible elements inL(X)/W(X)
and π is the canonical homomorphism of L(X) into L(X)/W(X). Therefore, Φg(X) satisfies assumptions (i)
and (ii) of Definition 3.3, and hence is an F-semigroup.

Now we will introduce an abstract index for generalized Fredholm operators.

Definition 3.5. Let X be a non-reflexive Banach space satisfying the property (H). We define the generalized
Fredholm index on the semigroup Φg(X) by the semigroup homomorphism ig : Φg(X) → ℤ such that the fol-
lowing conditions hold:
(i) ig(T) = 0 for all invertible elements T in L(X).
(ii) ig(I +W) = 0 for allW inW(X).

Lemma 3.6. Let X be a non-reflexive Banach space having the property (H1) and let T ∈ L(X). Suppose that
T ∈ Φg(X) and let T0 ∈ L(X) be any operator satisfying

TT0 = I +W1 , (3.1)
T0T = I +W2 , (3.2)

where W1 ,W2 ∈W(X). Then T0 ∈ Φg(X) and ig(T0) = −ig(T).

Proof. By hypothesis, equations (3.1) and (3.2) hold with W1 ,W2 ∈W(X). Then, by equation (3.1), we get
TT0 ∈ Φg(X). Since X satisfies the property (H1), it follows from Theorem 2.5 (i) that T0 ∈ Φg+(X). So, by applying
[24, Theorem 5.10], we deduce that T0 ∈ Φg(X). Moreover,

ig(T0) + ig(T) = ig(I +W1) = 0.

Hence, ig(T0) = −ig(T).

Remark 3.7. Let X be a non-reflexive Banach space having the property (H). From the above definition it is easy
to deduce that

ig(T +W) = ig(T) for each T ∈ Φg(X) andW ∈W(X).
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Indeed, let T ∈ Φg(X). Since X satisfies the property (H), from [24, Theorem 5.10] there exist S ∈ L(X) and
W1 ∈W(X) such that ST = I +W1. This leads to S(T +W) = I +W1 + SW . On the other hand, by Lemma 3.6,
we have S ∈ Φg(X) and ig(S) = −ig(T). Hence, by using Theorem 2.6 (ii), we infer that

T +W ∈ Φg(X) and ig(S) + ig(T +W) = ig(I +W1 + SW) = ig(I) = 0.

Therefore, ig(I +W) = ig(T).

Next, we will prove a theorem describing the properties of the generalized Fredholm index.

Theorem 3.8. Let X be a non-reflexive Banach space having the property (H) and let S ∈ L(X). Suppose that
S ∈ Φg(X).
(i) There is η > 0 such that for any T ∈ L(X) satisfying ‖T‖ < η, one has (S + T) ∈ Φg(X) and

ig(S + T) = ig(S). (3.3)

(ii) The map ig : Φg(X) → ℤ is continuous.

Proof. (i) Suppose S ∈ Φg(X). Then there exist S0 ∈ L(X) and W1 ,W2 ∈W(X) such that S0S = I +W1 and
SS0 = I +W2. Azzouz et al. proved in [5, Theorem 3.12] that the operators I + S0T and I + TS0 have bounded
inverses, and thus

(I + S0T)−1S0(S + T) = I + (I + S0T)−1W1 ,
(S + T)S0(I + TS0)−1 = I +W2(I + TS0)−1 .

Therefore, (S + T) ∈ Φg(X) and
ig((I + S0T)−1) + ig(S0) + ig(S + T) = 0.

Furthermore, by using Lemma 3.6, we have ig(S0) = −ig(S). Since ig((I + S0T)−1) = 0, we see that equation (3.3)
holds.

(ii) Let (Tn)n∈ℕ be any sequence included in Φg(X) such that Tn → T as n →∞. So, for all ε > 0, there exists
N ∈ ℕ such that for all n ≥ N ,

‖Tn − T‖ < ε.

Now, since Φg(X) is an open set, there is η > 0 such that

B(Tn , η) ⊂ Φg(X).

For ε = η, we have
‖Tn − T‖ < η for all n ≥ N.

Hence, it follows from assertion (i) that

ig(Tn) = ig(Tn − T + T) = ig(T) for all n ≥ N.

Consequently, ig is sequentially continuous.

Remark 3.9. Theorem 3.8 is an extension of [22, Theorem 5.11] for generalized Fredholm operators.

Proposition 3.10. Let X be a non-reflexive Banach space having the property (H) and let T, S be two bounded
linear operators on X, where S is a nonzero operator. Then ig(λS − T) is constant on any component of Φg,T,S .

Proof. Let λ1, λ2 be any points in Φg,T,S which are connected by a smooth curve C whose points are all in
Φg,T,S . Then, for each λ ∈ C, there is ε > 0 such that μ ∈ Φg,T,S and ig(μS − T) = ig(λS − T) for all μ satisfying
|μ − λ| < ε

‖S‖ . By the Heine–Borel theorem, there exists a finite number of such sets which cover C. Since each
of these sets overlaps with, at least, one other set and since ig(μS − T) is constant on each of them, we see that
ig(λ1S − T) = ig(λ2S − T).

The rest of this section is devoted to some generalized Fredholm perturbation results and the stability of the
generalized S-essential spectra of bounded linear operators acting on a non-reflexive Banach space.
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Definition 3.11. Let X and Y be two Banach spaces and let F ∈ L(X, Y). Then F is called a generalized Fredholm
perturbation if U + F ∈ Φg(X, Y) whenever U ∈ Φg(X, Y). Moreover, F is called an upper (resp. lower) gen-
eralized Fredholm perturbation if U + F ∈ Φg+(X, Y) (resp. U + F ∈ Φg−(X, Y)) whenever U ∈ Φg+(X, Y) (resp.
U ∈ Φg−(X, Y)).

The sets of generalized Fredholm, generalized upper Fredholm and generalized lower Fredholm perturbations
are denoted by Fg(X, Y), Fg+(X, Y) and Fg−(X, Y), respectively. If X = Y , then Fg(X, Y), Fg+(X, Y) and Fg−(X, Y)
are replaced by Fg(X), Fg+(X) and Fg−(X), respectively.

Remark 3.12. Let X be a non-reflexive Banach space.
(i) If X satisfies the property (H), then

F(X) ⊂ Fg(X),

where F(X) is the set of Fredholm perturbations on X. Indeed, let F ∈ F(X) and T ∈ Φg(X). Then there
exists T0 ∈ L(X) satisfying equations (3.1) and (3.2) with W1 ,W2 ∈W(X). From equation (3.1), we have
(T + F)T0 = I +W1 + FT0. Since F(X) is an ideal inL(X) (see [4]), we deduce that I + FT0 ∈ Φ(X), and hence
I + FT0 ∈ Φg(X). By using Theorem 2.5, we infer that T + F ∈ Φg−(X). Similarly, we prove that

T0(T + F) ∈ Φg(X),

and hence T + F ∈ Φg+(X). Therefore, T + F ∈ Φg(X).
(ii) If X satisfies the property (H1) (resp. X∗ satisfies the property (H1)), then we haveW(X) ⊂ Fg+(X) ⊂ Fg(X)

(resp.W(X) ⊂ Fg−(X) ⊂ Fg(X)).

Theorem 3.13. Let X be a non-reflexive Banach space satisfying the property (H) and let Tand S be two bounded
linear operators on X such that ST ∈ Φg(X). Then T ∈ Φg(X) if and only if S ∈ Φg(X).

Proof. Suppose that T ∈ Φg(X). From the fact that X satisfies the property (H), we infer that there exists
T0 ∈ L(X) satisfying equations (3.1) and (3.2) withW1 ,W2 ∈W(X). From equation (3.2), we write

STT0 = S + SW1 .

Now, since X satisfies the property (H), by applying Lemma 3.6, we obtain T0 ∈ Φg(X). From the hypothesis
ST ∈ Φg(X), we deduce that STT0 ∈ Φg(X). Since SW1 is a weakly compact operator, it follows that S ∈ Φg(X).
Conversely, suppose that S ∈ Φg(X) and let S0 ∈ L(X) satisfy S0S = I +W , whereW ∈W(X). By the hypothesis
ST ∈ Φg(X) and the fact that S0 ∈ Φg(X), we deduce that S0ST ∈ Φg(X), and the same holds true for T .

Remark 3.14. Let X be a non-reflexive Banach space satisfying the property (H). If F ∈ Fg(X), then I + F ∈ Φg(X)
and ig(I + F) = 0. Indeed, for all μ ∈ [0, 1], μF ∈ Fg(X), we have I + μF ∈ Φg(X). Now, from the continuity of ig ,
we infer that

φg : [0, 1] → ℤ,
μ 󳨃→ ig(I + μF),

is continuous on the connected set [0, 1] with discreet values. Then φg is constant. Thus, φg(0) = φg(1). So,
ig(I + F) = ig(I) = 0.

Our next lemma is an extension of [19, Proposition 3.1].

Lemma 3.15. Let T and F be two bounded linear operators on a non-reflexive Banach space X satisfying the
property (H). If T ∈ Φg(X), F ∈ Fg(X), then

T + F ∈ Φg(X) and ig(T + F) = ig(T).

Proof. Let T ∈ Φg(X). Since X satisfies the property (H), then there existW1 ,W2 ∈W(X) such that T0T = I +W1
and TT0 = I +W2 for some T0 ∈ L(X). This leads to

T0(T + F) = I +W1 + T0F = I + F1 .
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SinceFg(X) is a closed two-sided ideal containingW(X) (see [4]), wehave F1 ∈ Fg(X). It follows fromRemark 3.14
that T0(T + F) ∈ Φg(X) and ig(T0(T + F)) = 0. On the other hand, by using Lemma 3.6, we get T0 ∈ Φg(X) and
ig(T0) = −ig(T). Therefore, T + F ∈ Φg(X) and ig(T + F) = ig(T).

Definition 3.16. Let X be a non-reflexive Banach space satisfying the property (H) and let T and S be two
bounded linear operators on X. We define the generalized Schechter S-essential spectrum of T by

σSe5 ,g(T) := ℂ \ {λ ∈ Φg,T,S : ig(λS − T) = 0}.

If S = I, then σSe5 ,g(T) will simply be denoted by σe5 ,g(T).

Theorem 3.17. Let X be a non-reflexive Banach space having the property (H). Let T and S be two bounded linear
operators on X. If ℂ \ σSe4 ,g(T) is connected and ρS(T) is not empty, then

σSe4 ,g(T) = σSe5 ,g(T).

Proof. Since σSe4 ,g(T) ⊂ σSe5 ,g(T), we only have to prove the reverse inclusion. Let λ0 ∉ σSe4 ,g(T). Since ρS(T) is
not empty, there exists λ1 ∈ ℂ such that λ1 ∈ ρS(T). Consequently, λ1S − T ∈ Φg(X) and ig(λ1S − T) = 0. Hence,
λ1 ∈ ℂ \ σSe5 ,g(T), which is a subset of ℂ \ σSe4 ,g(T). Since ℂ \ σSe4 ,g(T) is connected, it follows from Proposi-
tion 3.10 that ig(λS − T) = 0 for all λ ∈ ℂ \ σSe4 ,g(T). Thus, λ0 ∉ σSe5 ,g(T).

Lemma 3.18. Let A and S be two bounded linear operators on a non-reflexive Banach space X. Suppose that X
satisfies the property (H). If B ∈ Fg(X), then

σSei ,g(A) = σSei ,g(A + B), i = 4, 5.

Proof. (i) Suppose B ∈ Fg(X) and λ ∈ ℂ. Using Lemma 3.15 (i), we obtain (λS − A) ∈ Φg(X) if and only if
(λS − A − B) ∈ Φg(X). Moreover, ig(λS − A) = ig(λS − A − B). Hence, we obtain

σSei ,g(A) = σSei ,g(A + B), i = 4, 5.

This concludes the proof.

Next, we present a characterization of the generalized S-essential spectrum of the sum of two bounded linear
operators acting on a non-reflexive Banach space.

Lemma 3.19 ([12]). Let X and Y be two Banach spaces and let Z ⊂ X. For an operator T ∈ L(X, Y), the following
statements are equivalent:
(i) T is co-Tauberian.
(ii) Every operator S ∈ L(Y, Z) is weakly compact whenever ST is weakly compact.

Theorem 3.20. Let X be a non-reflexive Banach space having the property H and let S, A and B be three bounded
linear operators on X such that S ̸= A and S ̸= B.
(i) If AB ∈ Fg(X) and SA = AS, then

σSe4 ,g(A + B) \ {0} ⊂ [σSe4 ,g(A) ∪ σSe4 ,g(B)] \ {0}.

Moreover, if BA ∈ Fg(X), SB = BS and S ∈ Φg(X), then we have

σSe4 ,g(A + B) \ {0} = [σSe4 ,g(A) ∪ σSe4 ,g(B)] \ {0}.

(ii) If AB ∈ Fg(X), SA = AS, S ∈ Φg(X), and ig(S) = 0, then

σSe5 ,g(A + B) \ {0} ⊂ [σSe5 ,g(A) ∪ σSe5 ,g(B)] \ {0}.

Moreover, if BA ∈ Fg(X), SB = BS, ρS(A) is not empty, and ℂ \ σSe4 ,g(A) is connected, then

σSe5 ,g(A + B) \ {0} = [σSe5 ,g(A) ∪ σSe5 ,g(B)] \ {0}.
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Proof. For λ ∈ ℂ, we write
(λS − A)(λS − B) = AB + λ(λS2 − AS − SB) (3.4)

and
(λS − B)(λS − A) = BA + λ(λS2 − SA − BS).

(i) Let
λ ∉ σSe4 ,g(A) ∪ σSe4 ,g(B) ∪ {0}.

Then λS − A ∈ Φg(X) and λS − B ∈ Φg(X). From the fact that X has the property (H), we infer that

(λS − A)(λS − B) ∈ Φg(X).

Since AB ∈ Fg(X), by using equation (3.4) and Lemma 3.15 (i), we have (λS2 − AS − SB) ∈ Φg(X), and hence
S(λS − A − B) ∈ Φg(X). Therefore, (λS − A − B) ∈ Φg+(X). Now by applying Lemma 3.19, it is sufficient to prove
that λS − A − B is co-Tauberian. So, let T ∈ L(X) such that T(λS − A − B) ∈W(X). On the other hand, we have

ω(T(λS − A − B)) > ω(T)β(λS − A − B).

By using Theorem 2.4, we have β(λS − A − B) > 0. Then ω(T) = 0. Hence λS − A − B is a co-Tauberian operator
and since R(λS − A − B) is closed, we deduce that λS − A − B ∈ Φg(X). Thus,

σSe4 ,g(A + B) \ {0} ⊂ [σSe4 ,g(A) ∪ σSe4 ,g(B)] \ {0}.

Conversely, let us suppose that λ ∉ σSe4 ,g(A + B) ∪ {0}. Then λS − A − B ∈ Φg(X). Since S ∈ Φg(X), we have
S(λS − A − B) ∈ Φg(X) and (λS − A − B)S ∈ Φg(X). Since AB ∈ Fg(X) and BA ∈ Fg(X), we deduce that

(λS − A)(λS − B) ∈ Φg(X) and (λS − B)(λS − A) ∈ Φg(X).

From Theorem 2.5 (iii), it is clear that λS − A ∈ Φg(X) and λS − B ∈ Φg(X). Therefore,

λ ∉ σSe4 ,g(A) ∪ σSe4 ,g(B).

(ii) Let
λ ∉ σSe5 ,g(A) ∪ σSe5 ,g(B) ∪ {0}.

Then
λS − A ∈ Φg(X), ig(λS − A) = 0, λS − B ∈ Φg(X), ig(λS − B) = 0.

Since X satisfies the property (H), we have (λS − A)(λS − B) ∈ Φg(X). It is clear that ig((λS − A)(λS − B)) = 0.
Moreover, from the hypothesis AB ∈ Fg(X), we apply equation (3.4), and Lemma 3.18 (i), which yields that
S(λS − A − B) ∈ Φg(X) and ig(S(λS − A − B)) = 0. Since S ∈ Φg(X) with ig(S) = 0, by applying Theorem 3.13, we
get λS − A − B ∈ Φg(X) and ig(λS − A − B) = 0. Therefore, λ ∉ σSe5 ,g(A + B), and hence

σSe5 ,g(A + B) \ {0} ⊂ [σSe5 ,g(A) ∪ σSe5 ,g(B)] \ {0}.

Conversely, let us suppose that λ ∉ σSe5 ,g(A + B) ∪ {0}. Then λS − A − B ∈ Φg(X) and ig(λS − A − B) = 0. Since
AB ∈ Fg(X), BA ∈ Fg(X) and S ∈ Φg(X), it is easy to prove that λS − A ∈ Φg(X) and λS − B ∈ Φg(X). Moreover,
by applying equation (4.1) and Lemma 3.18 (i), we get

ig((λS − A)(λS − B)) = ig(λS − A) + ig(λS − B)
= ig(S) + ig(λS − A − B)
= ig(λS − A − B)
= 0.

Since ℂ \ σSe4 ,g(T) is connected and ρS(A) is not empty, Theorem 3.17 yields that σSe4 ,g(A) = σSe5 ,g(A). Hence,
from the fact that λS − A ∈ Φg(X), we deduce that ig(λS − A) = 0. Therefore, ig(λS − B) = 0. We conclude that
λ ∉ σSe5 ,g(A) ∪ σSe5 ,g(B).
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Now, we establish some results concerning stability in the class of generalized Fredholm operators via the
concept of measure of weak noncompactness of De Blasi. First, for n ∈ ℕ∗, let us consider the following set:

Wn(X) = {T ∈ L(X) : ω((TS)n) < 1 for all S ∈ L(X)}.

Remark 3.21. (i) W(X) ⊂Wn(X) for all n ∈ ℕ∗.
(ii) If T ∈Wn(X) and S ∈ L(X), then TS ∈Wn(X).
(iii) If T ∈Wn(X) andW ∈W(X), then T +W ∈Wn(X). Indeed, for S ∈ L(X), we get ((T +W)S)n = (TS)n +W 󸀠,

whereW 󸀠 is a weakly compact operator. Thus,

ω(((T +W)S)n) = ω((TS)n) < 1.

Remark 3.22. (i) Let X be a non-reflexive Banach space satisfying the property (H) and let T ∈ L(X). If
T ∈Wn(X), then

(I − T) ∈ Φg(X) and ig(I − T) = 0.

Indeed, let T ∈Wn(X). Thenwe obtain that ω((TS)n) < 1 for all S ∈ L(X). Thus, we can take S = I. So, we get
ω((T)n) < 1. Therefore, by using Proposition 2.8, we infer that (I − T) ∈ Φg(X). Moreover, for λ ∈ [0, 1], we
get ω((λT)n) < 1. Then as above, (I − λT) ∈ Φg(X). Now, by the continuity of the generalized index on Φg(X),
we deduce that ig(I − T) = ig(I) = 0.

(ii) We have Wn(X) ⊂WDC(X) for all n ∈ ℕ∗, where WDC(X) is the set of weakly demicompact operators.
Indeed, let T ∈Wn(X). Then we get ω(Tn) < 1. By using [18, Theorem 2.1], we infer that λT ∈WDC(X) for
all λ ∈ [0, 1].

Proposition 3.23. Let X be a non-reflexive Banach space satisfying the property (H) and let T ∈ L(X). Then the
following statements hold:
(i) ⋃n∈ℕ∗ Wn(X) ⊂ Fg(X).
(ii) If J ∈ ⋃n∈ℕ∗ Wn(X), then

σSei ,g(T) = σSei ,g(T + J), i = 4, 5.

Proof. (i) For n ∈ ℕ∗, let J ∈Wn(X) and T ∈ Φg(X). Then, from [24, Theorem 5.10], there exist T0 ∈ L(X) and
W ∈W(X) such that

TT0 = I +W.

This leads to
(T + J)T0 = I +W + JT0 = I + F,

where F = W + JT0. Since J ∈Wn(X) and T0 ∈ L(X), by applying Remark 3.21 (ii), we infer that JT0 ∈Wn(X).
This implies that F ∈Wn(X) (see Remark 3.21 (iii)). Now, it follows from Remark 3.22 (i) that (T + J)T0 ∈ Φg(X)
and ig((T + J)T0) = 0. From the fact that T0 ∈ Φg(X) and ig(T0) = −ig(T), we deduce that T + J ∈ Φg(X) and
ig(T + J) = ig(T).

(ii) This assumption is a consequence of (i) and Lemma 3.18.

In the next result, a refinement of Proposition 2.7 is presented.

Theorem 3.24. Let X be a non-reflexive Banach space having the property (H) and let T and S be two bounded
linear operators on X. Then

σSe1 ,g(T) = ⋂
J∈Wn(X)

σSe4 ,g(T + J).

Proof. Taking into account thatW(X) ⊂Wn(X), we deduce by Proposition 2.7 that

⋂
J∈Wn(X)

σSe4 ,g(T + J) ⊂ σSe1 ,g(T).

Conversely, let
λ ̸∈ ⋂

J∈Wn(X)
σSe4 ,g(T + J).
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Then there exists J ∈Wn(X) such that λ ∉ σSe4 ,g(T + J). Hence, (λS − T − J) ∈ Φg(X). Since X satisfies prop-
erty (H) and J ∈Wn(X), by using Proposition 3.23, we deduce that (λS − T) ∈ Φg(X). Consequently, λ ̸∈ σSe1 ,g(T),
which completes the proof.

We now prove that the generalized Wolf essential spectrum satisfies the spectral mapping theorem. However,
in general it is not true for the generalized Schechter essential spectrum.

Theorem 3.25. Let X be a non-reflexive Banach space having the property (H) and let f be a complex-valued func-
tion which is locally holomorphic on an open set containing the spectrum of a linear operator T ∈ L(X). Then the
following assertions hold:
(i) σe4 ,g(f(T)) = f(σe4 ,g(T)).
(ii) σe5 ,g(f(T)) ⊂ f(σe5 ,g(T)).

Proof. (i) Since X satisfies the property (H), we have that Φg(X) is an F-semigroup in L(X) (see Example 3.4).
Hence, by applying [13, Theorem 1] in the case of the F-semigroup Φg(X), we deduce that σe4 ,g(f(T)) = f(σe4 ,g(T)).

(ii) For n ∈ ℕ, we define
Φg,n(X) := {T ∈ Φg(X) : ig(T) = n}

and
Fn := {λ ∈ ℂ : λ − T ∈ Φg,n(X)}.

Observe that
σe5 ,g(T) = σe4 ,g(T) ∪ ( ⋃

n ̸=0
Fn). (3.5)

Now, let μ ∉ f(σe5 ,g(T)). Then μ − f(λ) has no zeros on σe5 ,g(T), and in particular has no zeros on σe4,g(T). From
[13, Theorem 1], applied to the F-semigroup Φg(X)with generalized index ig , we conclude that μ − f(T) ∈ Φg(X)
and

ig(μ − f(T)) = ∑
n ̸=0

nαn ,

where αn is the number of isolated zeros of μ − f(λ) on Fn , counted according to their multiplicities. From
equation (3.5), we deduce that αn = 0 for every n ̸= 0. Therefore, ig(μ − f(T)) = 0, and hence μ ∉ σe5 ,g(f(T)).

Following [15], we show now that the generalized Schechter essential spectrum satisfies the spectral mapping
theorem in a special case.

Theorem 3.26. Let X be a non-reflexive Banach space satisfying the property (H) and let T1 and T2 be two
bounded linear operators on X such that T1 − T2 ∈Wn(X) for some n ∈ ℕ∗. If σe5 ,g(T1) ⊂ σe4 ,g(T1) and f is
a complex-valued function locally holomorphic on σ(T1) ∪ σ(T2) ∪ {∞}, then

f(σe5 ,g(Tk)) = σe5 ,g(f(Tk)), k = 1, 2.

Proof. For k = 1, the result follows from the hypothesis σe4 ,g(T1) = σe5 ,g(T1) andTheorem3.25 (i). Now, for k = 2,
Theorem 3.25 (ii) shows that σe5 ,g(f(T2)) ⊂ f(σe5 ,g(T2)). So, we only have to prove that

f(σe5 ,g(T2)) ⊂ σe5 ,g(f(T2)).

Let λ ∈ f(σe5 ,g(T2)). Then there exists μ ∈ σe5 ,g(T2) such that λ = f(μ). Using the hypothesis T1 − T2 ∈Wn(X)
and Proposition 3.23, we infer that σe5 ,g(T2) = σe5 ,g(T1). From the hypothesis σe5 ,g(T1) ⊂ σe4 ,g(T1), we have
σe4 ,g(T1) = σe5 ,g(T1), which implies that

μ ∈ σe4 ,g(T1) = σe4 ,g(T2).

Next, making use of the spectral mapping theorem of the generalizedWolf essential spectrum, we conclude that
f(μ) ∈ σe4 ,g(f(T2)). Since σe4 ,g(f(T2)) ⊂ σe5 ,g(f(T2)), we have f(μ) ∈ σe5 ,g(f(T2)). This ends the proof.

Now, let P(X) denote the set

P(X) = {F ∈ L(X) : there exists a nonzero complex polynomial p( ⋅ ) satisfying p(F) ∈W(X)}.
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If F ∈ P(X), then the nonzero polynomial p( ⋅ ) of least degree and leading coefficient 1 such that p(F) ∈W(X)
will be called the minimal polynomial of F. We denote by PW(X) the subset of P(X) defined by

PW(X) = {F ∈ P(X) such that the minimal polynomial p( ⋅ ) of F satisfies p(−1) ̸= 0}.

As an immediate consequence of the spectral mapping theorem of the generalized Wolf essential spectrum, we
have the following lemma.

Lemma 3.27. Let X be a non-reflexive Banach space having the property (H). If F ∈ PW(X), then I + F ∈ Φg(X).

Proof. Let p( ⋅ ) be the minimal polynomial of F. Since p(F) ∈W(X), we have σe4 ,g(p(F)) = {0}. So, by the
hypothesis p(−1) ̸= 0, we infer that p(−1) ∉ σe4 ,g(p(F)). Hence, by applying Theorem 3.25 (i), we deduce that
p(−1) ∉ p(σe4 ,g(F)). Therefore, −1 ∉ σe4 ,g(F).

Theorem 3.28. Let X be a non-reflexive Banach space having the property (H) and let T and S be two bounded
linear operators on X. Suppose that there exist T0, S0 ∈ L(X) and J1, J2 ∈ PW(X) satisfying

TT0 = I + J1 ,
SS0 = I + J2 . (3.6)

If 0 ∈ Φg,T ∩ Φg,S , T0 − S0 ∈Wn(X) and J1 − J2 ∈W(X), then

σe4 ,g(T) = σe4 ,g(S).

Moreover, if ig(T) = ig(S) = 0 and σe5 ,g(J1) ⊂ σe4 ,g(J1), then we have

σe5 ,g(T) = σe5 ,g(S). (3.7)

Proof. (i) Let λ be a complex number. It follows from equations (3.6) and (3.7) that

(λ − T)T0 − (λ − S)S0 = λ(T0 − S0) − (J1 − J2). (3.8)

If λ ∉ σe4 ,g(S), then λ − S ∈ Φg(X). Since J2 ∈ PW(X), applying Lemma 3.27, we get I + J2 ∈ Φg(X). So, it fol-
lows from equation (3.7) that SS0 ∈ Φg(X). As S ∈ Φg(X), it follows from Theorem 3.13 that S0 ∈ Φg(X). There-
fore, by using [5, Theorem 3.11 (i)], we infer that (λ − S)S0 ∈ Φg(X). If T0 − S0 ∈Wn(X), then equation (3.8) and
Remark 3.21 together with Proposition 3.23 imply that (λ − T)T0 ∈ Φg(X). Thus, λ − T ∈ Φg(X), which implies
that σe4 ,g(T) ⊂ σe4 ,g(S). The opposite inclusion follows by symmetry.

To prove equation (3.7), let λ ∉ σe5 ,g(S). Then λ − S ∈ Φg(X) and ig(λ − S) = 0. Since J2 ∈ PW(X), there exists
a nonzero complex polynomial p( ⋅ ) such that p(J2) ∈W(X). Then σe5 ,g(p(J2)) = {0}. From the fact that p(−1) ̸= 0,
we deduce that p(−1) ∉ σe5 ,g(p(J2)). Now, since

J1 − J2 ∈Wn(X) and σe5 ,g(J1) ⊂ σe4 ,g(J1),

by applying Theorem 3.26, we have
p(σe5 ,g(J2)) = σe5 ,g(p(J2)),

and hence p(−1) ∉ p(σe5 ,g(J2)). Therefore, I + J2 ∈ Φg(X) and ig(I − J2) = 0. It follows from equation (3.7) that
(λ − S)S0 ∈ Φg(X) and ig(λ − S)S0) = 0. Since T0 − S0 ∈Wn(X), by using equation (3.8), Remark 3.21 and Propo-
sition 3.23, we infer that

(λ − T)T0 ∈ Φg(X) and ig((λ − T)T0) = 0.

Hence, λ − T ∈ Φg(X) and ig(λ − T) = 0, and therefore σe5 ,g(T) ⊂ σe5 ,g(S). The opposite inclusion follows by
symmetry.

4 Generalized Fredholm theory for operator matrices

We begin this section by obtaining some results which extend certain theorems in [14] to generalized Fredholm
operators.
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Lemma 4.1. Let X and Y be two Banach spaces and let A ∈ L(X). Consider the 2 × 2 operator matrix

MA = (
A 0
0 I
) .

Then A ∈ Φg(X) if and only if MA ∈ Φg(X × Y).

Proof. Suppose that A ∈ Φg(X). First, recall that a finite product of reflexive spaces is also reflexive. Since
N(MA) = N(A) × {0}, we conclude that N(MA) is reflexive. On the other hand, obviously, R(MA) = R(A) × Y .
Since X × Y/R(A) × Y is isomorphic to X/R(A) × {0}, it follows that X × Y/R(MA) is reflexive. Moreover, R(MA)
is closed, and hence MA ∈ Φg(X × Y).

Remark 4.2. By using the same reasoning as in the proof of Lemma 4.1, we prove that B ∈ Φg(Y) if and only if

MB = (
I 0
0 B
) ∈ Φg(X × Y).

Theorem 4.3. Let X and Y be two Banach spaces and let A ∈ L(X) and B ∈ L(Y). Consider the 2 × 2 operator
matrix

MC = (
A C
0 B
) , where C ∈ L(Y × X).

Suppose that X × Y is not reflexive.
(i) If X × Y satisfies the property (H1), A ∈ Φg+(X) and B ∈ Φg+(Y), then

MC ∈ Φg+(X × Y)

for every C ∈ L(Y × X).
(ii) If (X × Y)∗ satisfies the property (H1), A ∈ Φg−(X) and B ∈ Φg−(Y), then

MC ∈ Φg−(X × Y)

for every C ∈ L(Y × X).
(iii) If X × Y satisfies the property (H), A ∈ Φg(X) and B ∈ Φg(Y), then

MC ∈ Φg(X × Y)

for every C ∈ L(Y × X).

Proof. (i) Suppose that A ∈ Φg+(X) and B ∈ Φg+(X). Then ( I 0
0 B ) and ( A 0

0 I ) are both in Φg+(X × Y). Now we can
write

MC = (
I 0
0 B
)(

I C
0 I
)(

A 0
0 I
) . (4.1)

Since X × Y satisfies the property (H1) and ( I C0 I ) is invertible for every C ∈ L(Y, X), it follows from Theo-
rem 2.6 (iii) that MC ∈ Φg+(X × Y).

(ii) The proof of assumption (ii) is similar to assumption (i), it suffices to replace Theorem 2.6 (iii) by Theo-
rem 2.6 (iv).

(iii) It follows from assertions (i) and (ii).

Remark 4.4. Let us consider the 2 × 2 operator matrix

MD = (
A 0
D B
) , where D ∈ L(X × Y).

In the same way as in the proof of Theorem 4.3, we prove that the following assertions hold:
(i) If X × Y satisfies the property (H1) and if A ∈ Φg+(X) and B ∈ Φg+(Y), then

MD ∈ Φg+(X × Y)

for every D ∈ L(X × Y).
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(ii) If (X × Y)∗ satisfies the property (H1) and if A ∈ Φg−(X) and B ∈ Φg−(Y), then

MD ∈ Φg−(X × Y)

for every D ∈ L(X × Y).
(iii) If (X × Y) satisfies the property (H) and if A ∈ Φg(X) and B ∈ Φg(Y), then

MD ∈ Φg(X × Y)

for every D ∈ L(X × Y).

Proposition 4.5. Let X and Y be two Banach spaces and let A ∈ L(X) and B ∈ L(Y). Consider the 2 × 2 operator
matrix

MC = (
A C
0 B
) , where C ∈ L(Y × X).

Suppose that X × Y is not reflexive.
(i) If X × Y satisfies the property (H1) and MC ∈ Φg+(X × Y), then A ∈ Φg+(X).
(ii) If X × Y and (X × Y)∗ satisfy the property (H1) and MC ∈ Φg−(X × Y), then B ∈ Φg−(Y).

Proof. It follows immediately from equation (4.1) and Theorem 2.5.

Remark 4.6. (i) Suppose that X × Y satisfies the property (H1). If MC ∈ Φg(X × Y), then A ∈ Φg+(X) and
B ∈ Φg−(Y).

(ii) Similarly, we show that if X × Y satisfies the property (H1) and the operator

(
A 0
D B
) ∈ Φg(X × Y)

for some D ∈ L(X × Y), then A ∈ Φg−(X) and B ∈ Φg+(Y).

Theorem 4.7. Let X and Y be two Banach spaces and let A ∈ L(X) and B ∈ L(Y). Suppose that X × Y is not
reflexive. Then for every C ∈ L(Y, X), the following assertions hold:
(i) If X × Y satisfies the property (H), then

σe4 ,g(MC) ⊂ σe4 ,g(A) ∪ σe4 ,g(B).

Moreover, if σe4 ,g(A) ⊂ σe4 ,g(MC) or σe4 ,g(B) ⊂ σe4 ,g(MC), then

σe4 ,g(MC) = σe4 ,g(A) ∪ σe4 ,g(B).

(ii) If X × Y satisfies the property (H1), then

σe1 ,g(MC) ⊂ σe1 ,g(A) ∪ σe1 ,g(B).

Proof. (i) Let λ ∉ [σe4 ,g(A) ∪ σe4 ,g(B)]. Then λ − A and λ − B are both generalized Fredholm operators. Since
X × Y satisfies the property (H), by using Theorem 4.3 (iii), we infer that λ − MC ∈ Φg(X × Y), which implies that
λ ∉ σe4 ,g(MC).

To prove the opposite inclusion, assume that σe4 ,g(A) ⊂ σe4 ,g(MC) or σe4 ,g(B) ⊂ σe4 ,g(MC), and suppose that
σe4 ,g(MC) ̸= σe4 ,g(A) ∪ σe4 ,g(B). Then there exists λ such that

λ ∈ [σe4 ,g(A) ∪ σei ,g(B)] \ σe4 ,g(MC).

Observe that if X × Y satisfies the property (H) and MC ∈ Φg(X × Y), then A ∈ Φg+(X) and B ∈ Φg−(X). From
these observations, we notice that if MC is generalized Fredholm, then A is generalized Fredholm if and only
if B is generalized Fredholm. Hence λ ∈ σe4 ,g(A) ∩ σei ,g(B), a contradiction. Therefore,

σe4 ,g(MC) = σe4 ,g(A) ∪ σe4 ,g(B).

(ii) Let λ ∉ [σe1 ,g(A) ∪ σe1 ,g(B)]. Then λ − A ∈ Φg+(X) and λ − B ∈ Φg+(Y). Since X × Y satisfies the prop-
erty (H1), it follows from Theorem 4.3 (i) that λ − MC ∈ Φg+(X × Y), and therefore λ ∉ σe1 ,g(MC).
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5 Conclusion

Our work is motivated by a larger class than that of Fredholm operators, the class of so-called generalized
Fredholm operators, which was introduced by Yang in [24] in order to extend some perturbation results. The
generalized Fredholmpropertiesmay not be stable under perturbation, and hence some conditions on the space
on which the operators are defined have to be considered. In fact, we are interested in the study of the stabil-
ity of some generalized S-essential spectra of bounded linear operators acting on non-reflexive Banach spaces
having the property (H) under the class of generalized Fredholm perturbations, for example, the generalized
Schechter S-essential spectrum

σSe5 ,g(T) = ℂ \ {λ ∈ Φg,T,S : ig(λS − T) = 0},

where ig( ⋅ ) is an extended index defined for generalized Fredholm operators. The results investigated in the
present paper extend those given in [14] and generalize some of the results reviewed in [22]. Furthermore,
a generalized Fredholm theory for 2 × 2 block operatormatrices acting on anon-reflexive product of twoBanach
spaces is developed. It is possible that such investigations may be extended to closed linear operators.
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