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Abstract: In this paper, we determine the left (resp. right) spectrum of the sum of two
bounded linear operators via the class of generalized weakly demicompact operator.
Moreover, an investigation of the left (resp. right) essential spectrum of the closure of
matrix operator is given.
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1 Introduction
During the past years, the invariance of the essential spectra under perturbation was
an interesting problem in the study of essential spectra of linear operators. Motivated
by the notion of generalized weakly demicompact operator (in short GWDC) intro-
duced by I. Ferjani et al. in [5], we gather a characterization of the left and right
spectrum of the sum of two operators. This notion generalized the known class
of demicompact operators which was introduced by W.V. Petryshyn in 1966. Later
W.V. Petryshyn [17] and W. Y. Akashi [1] used the demicompactness to provide some
results on Fredholm operators. Later W. Chaker et al. [4] investigated the essential
spectra of densely defined operators involving this class. In [11], B. Krichen general-
ized this concept by introducing the relative demicompactness. In 2018, B. Krichen
et al. [12] extended the above results to the weak topology. Moreover, in [13], the same
authors used a measure of weak noncompactness to characterize the weakly demi-
compact operators. Recently, in 2020, I. Ferjani et al. investigated the so-called relative
generalized weak demicompactness [6] and in [7] the same authors determined the
relative essential spectra of 3 × 3 block matrix operator. In the theory of unbounded
matrix operators, we mention the work [19, 2]. In 2018, F. Ben Brahim et al. ensured
the demicompactness of the closure of matrix operator with domain consisting of
vectors satisfying some conditions. In 2019, A. Jeribi et al. [9] determined the essential
spectra of 2×2 blockmatrix operator involving demicompactness. For their study they
used the tool of the Frobenius–Schur factorization which was recognized by R. Nagel
in [15, 16]. Furthermore, the same authors in [10] studied the γ-diagonally dominant
matrix operators.
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2 Preliminary

In this sectionwe recall somedefinitions andnotations thatwewill need in the sequel.
Let X and Y be two Banach spaces. We designate by 𝒞(X,Y) (resp. ℒ(X,Y)), the set of
all closed densely defined linear operators (resp. the set of all bounded linear opera-
tors) acting from X into Y and by 𝒦(X,Y) the subset of compact operators of ℒ(X,Y).
For T ∈ 𝒞(X,Y), we denote by 𝒩 (T) (resp. ℛ(T)), the kernel (resp. the range) of T.
The dimension of the kernel is denoted by α(T) and the codimension of the range is
denoted by β(T).

The set of upper semi-Fredholm operators is defined by

Φ+(X,Y) = {T ∈ 𝒞(X,Y) such that α(T) < ∞ andℛ(T) closed in Y},

and the set of lower semi-Fredholm operators is defined by

Φ−(X,Y) = {T ∈ 𝒞(X,Y) such that β(T) < ∞ andℛ(T) closed in Y};
Φ(X,Y) = Φ−(X,Y) ∩Φ+(X,Y)

designates the set of Fredholm operators.
The set of left Fredholm operators is defined as

Φl(X,Y) = {T ∈ ℒ(X,Y) : ℛ(T) is a closed and complemented
subspace of Y and α(T) < ∞}.

The set of right Fredholm operators is defined as

Φr(X,Y) = {T ∈ ℒ(X,Y) : 𝒩 (T) is a closed and complemented
subspace of X and β(T) < ∞}.

We have the following inclusions:

Φ(X,Y) ⊂ Φl(X,Y) and Φ(X,Y) ⊂ Φr(X,Y).

For an operator T ∈ Φ(X,Y), the number i(T) = α(T) − β(T) is called the index of T.
A complex number λ is in ΦT , Φl, or Φr if λ − T is in Φ(X,Y), Φl(X,Y), or Φr(X,Y),
respectively. IfX = Y , the above sets will be denoted byℒ(X), 𝒞(X),𝒦(X), Φ(X), Φ+(X),
Φl(X), and Φr(X). If T ∈ 𝒞(X), the resolvent set (resp. the spectrum) of T is denoted by
ρ(T) (resp. σ(T)).

Now, aboundedoperatorT is called aFredholmperturbation (in short FP) if S+T ∈
Φ(X,Y) whenever S ∈ Φ(X,Y).

Theorem 2.1 ([18, 14]). Let X,Y, and Z be Banach spaces. Let T ∈ ℒ(X,Y) and S ∈
ℒ(Y , Z).
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(i) If T ∈ Φ+(X,Y) and S ∈ Φ+(Y , Z), then ST ∈ Φ+(X, Z).
(ii) If T ∈ Φ(X,Y) and S ∈ Φ(Y , Z), then ST ∈ Φ(X, Z), i(TS) = i(T) + i(S).
(iii) If X = Y = Z, TS ∈ Φ(X) and ST ∈ Φ(X), then T ∈ Φ(X) and S ∈ Φ(X).

Definition 2.2. Let X and Y be two Banach spaces.
(i) An operator T ∈ 𝒞(X,Y) is said to have a left Fredholm inverse if there exists Tl ∈

ℒ(Y ,XT ) such that IXT − TlT̂ ∈ 𝒦(XT ).
(ii) An operator T ∈ 𝒞(X,Y) is said to have a right Fredholm inverse if there exists

Tr ∈ ℒ(Y ,XT ) such that IY − T̂Tr ∈ 𝒦(Y).

We define the sets 𝔽lT (X) and 𝔽
r
T (X) as follows:

𝔽lT (X) = {Tl ∈ ℒ(X,XT ) such that Tl is a left Fredholm inverse of T},

𝔽rT (X) = {Tr ∈ ℒ(X,XT ) such that Tr is a right Fredholm inverse of T}.

Theorem 2.3 ([2]). Let the matrix operator L0 satisfy the conditions (H1)–(H3) and the
lineal𝒟(B) ∩𝒟(D) be dense in X. Then L0 is closable and its closure L is given by

L = μ − [ I 0
F(μ) I

] [
μ − A 0
0 μ − S(μ)

] [
I G(μ)
0 I

] . (2.1)

Remark 2.4. Let β ∈ ℂ. It follows from Eq. (2.1) that

β − L = [ I 0
F(μ) I

] [
β − A 0
0 β − S(μ)

] [
I G(μ)
0 I

] − (β − μ)𝕋(μ)

:= 𝕌𝕍(β)𝕎 − (β − μ)𝕋(μ),

where 𝕋(μ) = [ 0 G(μ)
F(μ) F(μ)G(μ) ].

We deal in this paper with the following essential spectra:

σl(T) = {λ ∈ ℂ such thatλ − T ∉ Φl(X)},

σr(T) = {λ ∈ ℂ such that λ − T ∉ Φr(X)},

σewl (T) = {λ ∈ ℂ such that λ − T ∉ Φl(X) and i(λ − T) ≤ 0},

σewr (T) = {λ ∈ ℂ such that λ − T ∉ Φl(X) and i(λ − T) ≥ 0}.

3 Main results
Theorem 3.1. Let X be a Banach space, F ∈ ℒ(X), and G ∈ ℒ(X). Suppose that there is
a subsetΩ of the complex field such thatΩ is finite and 0 ∈ Ω. If for every β ∈ Φl(F+G)\Ω,
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there is Rβl, Sβl ∈ 𝔽lβI−F−G such that −μFGRβl and −μGFSβl are GWDC with generalized
set Ω, then

[σl(F) ∪ σl(G)]\Ω ⊂ [σl(F + G)]\Ω.

Proof. Let us consider β ∈ ℂ\Ω. Assume that there areRβl, Sβl ∈ 𝔽lβI−F−G. Thus, we infer
that there exists K ∈ 𝒦(X) such that Rβl(βI − F − G) = I − K. Further, we obtain that

(βI − F)(βI − G) = β(βI − F − G) + FG
= β(βI − F − G) + FGRβl(βI − F − G) + FGK.

So, we get the following equality:

(βI − F)(βI − G) = (βI + FGRβl)(βI − F − G) + FGK. (3.1)

Also, we can write

(βI − G)(βI − F) = (βI + GFSβl)(βI − F − G) + GFK. (3.2)

Let β ̸∈ σl(F + G) ∪ Ω, which implies that βI − F − G ∈ Φl(X).
Now, let us consider Rβl, Sβl ∈ 𝔽lβI−F−G such that −μFGRβl and −μGFSβl are GWDC

with generalized set Ω. Consequently, in view of Theorem 3.2 in [5], we infer that (βI +
FGRβl) and (βI + GFSβl) are Fredholm operators on X, for all β ∈ ℂ\Ω. Now, the use of
Eqs. (3.1) and (3.2) and Theorem 2.1 allows us to conclude that (βI − F)(βI −G) ∈ Φl(X)
and (βI − G)(βI − F) ∈ Φl(X). Thus, we deduce that βI − F ∈ Φl(X) and βI − G ∈ Φl(X),
for all β ∈ ℂ\Ω.

Theorem 3.2. Let X be a Banach space, F ∈ ℒ(X), and G ∈ ℒ(X). Suppose that there is
a subsetΩ of the complex field such thatΩ is finite and 0 ∈ Ω. If for every β ∈ Φr(F+G)\Ω,
there are Rβr , Sβr ∈ 𝔽rβI−F−G such that −μRβrFG and −μSβrGF are GWDC with generalized
set Ω, for any μ ∈ [0, 1], then

[σr(F) ∪ σr(G)]\Ω ⊂ σr(F + G)\Ω.

Proof. Let β ∈ ℂ\Ω. Suppose that there is Rβr ∈ 𝔽rβI−F−G, then we have (βI −F −G)Rβr =
I − K1, where K1 ∈ 𝒦(X). Thus, we obtain the following:

(βI − F)(βI − G) = β(βI − F − G) + FG
= β(βI − F − G) + (βI − F − G)RβrFG + K1FG
= (βI − F − G)(βI + RβrFG) + K1FG.

On the other hand, we have

(βI − G)(βI − F) = (βI − F − G)(βI + SβrGF) + K1GF.
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Let β ̸∈ σr(F + G) ∪ Ω, it follows that βI − F − G ∈ Φr(X). Let Rβr , Sβr ∈ 𝔽rβI−F−G be such
that −μRβrFG and −μSβrGF are GWDC with generalized set Ω. From Theorem 3.2 in [5],
we infer that (βI+RβrFG) and (βI+SβrGF) are Fredholm operators onX, for all β ∈ ℂ\Ω.
Then, using Theorem 2.1, we get (βI − F)(βI − G) ∈ Φr(X) and (βI − G)(βI − F) ∈ Φr(X).
Consequently, we deduce that βI − F ∈ Φr(X) and βI − G ∈ Φr(X), for all β ∈ ℂ\Ω.

Theorem 3.3. Let X be a Banach space and L be a matrix operator defined in Eq. (2.1)
and L0 be its closure. Let μ ∈ ρ(A) and Ω be a subset of the complex field such that Ω
is finite and 0 ∈ Ω. If for α ∈ [0, 1] αA and αS(μ) are GWDC operators with generalized
set Ω, and 𝕋(μ) is FP, then

σewi
(L)\Ω ⊂ [σewi

(A) ∪ σewi
(S(μ))]\Ω, where i ∈ {l, r}.

Proof. According to Remark 2.4, we have

βI − L = [
I 0

F(μ) I
][

βI − A 0

0 βI − S(μ)
] [

I G(μ)

0 I
] − (β − μ)𝕋(μ).

:= 𝕌𝕍(β)𝕎 − (β − μ)𝕋(μ). (3.3)

Since αA and αS(μ) are GWDC for α ∈ [0, 1], it follows from Remark 3.1 in [5] and The-
orem 3.2 in [5] that βI − A ∈ Φ(X), i(βI − A) = 0 and βI − S(μ) ∈ Φ(X), i(βI − S(μ)) = 0,
for all β ∈ ℂ\Ω.

Now, using Lemma6.7.1 [8],we obtain𝕍(β) ∈ Φ(X) and i(𝕍(β)) = 0.Hencewehave
βI − A ∈ Φ(X) and i(βI − A) = 0, which implies that βI − A ∈ Φl(X) and i(βI − A) ≤ 0
(resp. βI − A ∈ Φr(X) and i(βI − A) ≥ 0).

Further, from βI − S(μ) ∈ Φ(X) and i(βI − S(μ)) = 0, we infer that βI − S(μ) ∈ Φl(X)
and i(βI − S(μ)) ≤ 0 (resp. βI − S(μ) ∈ Φr(X) and i(βI − S(μ)) ≥ 0). Thus, we infer that
𝕍(β) ∈ Φl(X) and i(𝕍(β)) ≤ 0 (resp.𝕍(β) ∈ Φr(X) and i(𝕍(β)) ≥ 0).

Letting β ̸∈ [σewl
(A)∪σewl

(S(μ))]∪Ω, it follows that βI −A ∈ Φl(X) and i(βI −A) ≤ 0
and βI − S(μ) ∈ Φl(X) and i(βI − S(μ)) ≤ 0. Thus, when applying Lemma 6.7.1 [8], we
obtain that𝕍(β) ∈ Φl(X) and i(𝕍(β)) ≤ 0.

Now, combining the fact that the operators 𝕌 and 𝕎 are bounded and have
bounded inverses and using Eq. (3.3) with the fact that 𝕋(μ) is FP, we deduce that
βI − L ∈ Φl(X) and i(βI − L) ≤ 0. Therefore, we have β ̸∈ σewl

(L) ∪ Ω. Hence,

σewl
(L)\Ω ⊂ [σewl

(A) ∪ σewl
(S(μ))]\Ω.

In the same manner, we show that

σewr
(L)\Ω ⊂ [σewr

(A) ∪ σewr
(S(μ))]\Ω.
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