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ABSTRACT
In this paper, we introduce the concept of generalized weakly
S-demicompact operators with respect to a weakly closed linear
operator S. We study the general setting of Fredholm theory. We
give some perturbation results on the behaviour of relative essential
spectra of the sum of two bounded linear operators by means of the
relative essential spectra of each one. A characterization of general-
izedweakly S-demicompact operators bymeansofmeasures ofweak
noncompactness is given.Moreover, we impose some sufficient con-
ditions on the inputs of a closable block operatormatrix to ensure the
generalized weak S-demicompactness of its closure.
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1. Introduction

The concept of demicompactness appeared in the literature in order to construct and inves-
tigate the structure of fixed point sets for nonlinear operators acting onHilbert and Banach
spaces. It was introduced by Petryshyn in 1966 as follows:

Definition 1.1: An operator T : D(T) ⊂ X −→ X is said to be demicompact if for every
bounded sequence (xn)n inD(T) such that (xn − Txn)n converges to an element ofX, there
exists a convergent subsequence of (xn)n.

Later, this class is used by Petryshyn [1] and Akashi [2] to provide a few results on Fred-
holm theory. In 2015, Chaker et al. [3] continued this study to investigate the essential
spectra of densely defined linear operators. In 2014, Krichen [4], introduced the relative
demicompactness class with respect to a given closed linear operator as a generalization
of the demicompactness notion. This definition asserts that if X is a Banach space, T :
D(T) ⊂ X −→ X, and S : D(S) ⊂ X −→ X are two linear operators with D(T) ⊂ D(S),
then T is said to be S-demicompact, if every bounded sequence (xn)n in D(T) such
that (Sxn − Txn)n converges in X, have a convergent subsequence. In 2016, Krichen and
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2 I. FERJANI ET AL.

O’Regan developed in [5] some Fredholm and perturbation results involving a new con-
cept, called weakly relative demicompactness for nonlinear operators. Recently, in [6] the
same authors studied the relationship between the class of weakly demicompact linear
operators and an axiomatic measures of weak noncompactness of linear operator. In 2018,
Jeribi et al. [7], characterized an unbounded S-demicompact linear operator with respect to
a bounded linear operator S by the Kuratowski measure of noncompactness. However, in
all these works, the study of spectral properties and perturbation results for block operator
matrices with unbounded inputs is not treated.

Note that the theory of block operatormatrices arise in various areas ofmathematics and
its applications. The spectral properties of block operator matrices are of vital importance
as they govern for instance the time evolution and hence the stability of the underlying
physical systems. From the most important works on the spectral theory of block operator
matrices, we mention [8], in which the author developed the essential spectra of 2 × 2 and
3 × 3 block operator matrices. We also mention [9], which presented a wide panorama of
methods to investigate the essential spectra of unbounded block operatormatrices. In [10],
it was proved that under some conditions, the block operator matrices is closable and we
can determine its closure.

In the present paper, we will study some spectral properties for generalized weakly S-
demicompact unbounded linear operators, where S is a bounded invertible linear operator.
In particular, we discuss the case of block operator matrices, acting on a product Banach
space X × X, and having the following matrix representation:

L0 =
(
A B
C D

)
.

Note that the entries of L0 are generally unbounded. The operator A acts on the Banach
space X and has the domain D(A),D acts on the same Banach space X and is defined on
D(D) and the intertwining operator B (resp. C) is defined on D(B) (resp. D(C)) and acts
from X into itself. In a part of our work, we aim to use the concept of generalized weak S-
demicompactness to investigate the essential spectra of L, respecting a bounded invertible
linear operator S.

Now let us recall some standard tools from Fredholm theory needed in this paper. Let
X and Y be two Banach spaces. The set of all closed densely defined (resp. bounded) lin-
ear operators acting from X into Y is denoted by C(X,Y) (resp. L(X,Y)). We denote by
K(X,Y) (resp.W(X,Y) the subset of compact operators of (resp. the subset of weakly com-
pact operators)L(X,Y). The setW(X,Y) is a closed two-sided ideal ofL(X,Y) containing
K(X,Y) (see [11, 12]).

Let X be a Banach space. We will use the following notation:
C(X) is the set of all closed densely defined linear operators in X acting to X. The

sets D(T), R(T), and N (T) stand for the domain, the range and the kernel of T ∈ C(X)
respectively.

�+(X) := {T ∈ C(X) : R(T) is closed and α(T) = dimN (T) < ∞},
�−(X) := {T ∈ C(X) : R(T) is closed and β(T) = dimX/R(T) < ∞},
�(X) := �−(X) ∩�+(X),
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stand for the sets of upper semi-Fredholm, lower semi-Fredholm and Fredholm operators
from X into itself.

For an operator T ∈ �+(X) or�−(X), the index is defined as i(T) := α(T)− β(T). If
T ∈ C(X), we denote by ρ(T) the resolvent set of T and by σ(T) the spectrum of T.

Let T ∈ C(X). For x ∈ D(T), the graph norm ‖.‖T of x is defined by ‖x‖T = ‖x‖ +
‖Tx‖. It follows from the closedness of T that XT := (D(T), ‖.‖T) is a Banach space.
Clearly, for every x ∈ D(T)we have ‖Tx‖ ≤ ‖x‖T , so thatT ∈ L(XT ,X). A linear operator
B is said to be T-defined ifD(T) ⊂ D(B). If the restriction of B toD(T) is bounded from
XT into X, we say that B is T-bounded. We can see T and B as bounded linear operators
fromXT intoX. In this case, they will be denoted by T̂ and B̂, respectively (that is, T̂ = T|XT

and B̂ = B|XT are in L(XT ,X)). Furthermore, we have the obvious relations:

(i) α(T̂) = α(T),β(T̂) = β(T),R(̂B) = R(B),
(ii) α(T̂ + B̂) = α(T + B),β(̂B + T̂) = β(T + B), and
(iii) R(̂B + T̂) = R(T + B).

Following these relations, we deduce that T ∈ �(X) (resp. �+(X)) if, and only if, T̂ ∈
�(XT ,X) (resp. T̂ ∈ �+(XT ,X)).

Definition 1.2: Let X and Y be two Banach spaces and let F ∈ L(X,Y). The operator F is
called a:

(a) Fredholm perturbation if T + F ∈ �(X,Y) whenever T ∈ �(X,Y).
(b) Upper semi-Fredholm perturbation if T + F ∈ �+(X,Y) whenever T ∈ �+(X,Y).
(c) Lower semi-Fredholm perturbation if T + F ∈ �−(X,Y) whenever T ∈ �−(X,Y).

The set of Fredholm, upper semi-Fredholm and lower semi-Fredholm perturbations are
denoted by F(X,Y),F+(X,Y) and F−(X,Y), respectively.

Now, we recall that the S-resolvent set of T is defined by:

ρS(T) := {λ ∈ C such that λS − T has a bounded inverse } ,

and the S-spectrum of T is defined by:

σS(T) := C\ρS(T).

Next, we denote by asc(T) (resp. desc(T)) the ascent (resp. the descent) ofT, i.e. the smallest
nonnegative integer n such that N (Tn) = N (Tn+1)(resp. R(Tn) = R(Tn+1)). If such n
does not exists, then asc(T) = ∞ (resp. desc(T) = ∞ ). For λ ∈ C, an eigenvalue of T, the
dimension of N∞(λ− T) := ∪n∈NN ((λ− T)n) is called the algebraic multiplicity of T
and is denoted bymult(T, λ). An operatorT ∈ L(X) is called Browder if it is Fredholm and
has finite ascent and finite descent. An operator T ∈ L(X) is called upper semi-Browder
if it is upper semi-Fredholm and has finite ascent. The class of all Browder operators is
defined by:

B(X) := {T ∈ �(X) such that asc (T) < ∞ and desc (T) < ∞} .
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The class of all upper semi-Browder operators on a Banach space X that is defined by:

B+(X) := {T ∈ �+(X) such that asc (T) < ∞} .
The classes of operators above defined motivate the definition of several spectra (see for
example [13–15]). Note that the concept of S-essential spectrum was introduced in [16] as
a generalization of the usual notion of Wolf essential spectrum (see [17]).

In this work, we are concerned with the following S-essential spectra: The upper semi-
Browder S-spectrum of T ∈ L(X) is defined by:

σub,S(T) := {λ ∈ C such that λS − T 
∈ B+(X)} ,
whilst the Browder S-spectrum of T ∈ L(X) is defined by:

σb,S(T) := {λ ∈ C such that λS − T 
∈ B(X)} .
σe1,S(T) := {λ ∈ C such that λS − T /∈ �+(X)} := C\�+T,S,

σe4,S(T) := {λ ∈ C such that λS − T /∈ �(X)} := C\�T,S,

σe5,S(T) := C\ρ5,S(T),
σe6,S(T) := C\ρ6,S(T),

σap,S(T) :=
{
λ ∈ C such that inf

x∈D(T), ‖x‖=1
‖(λS − T)x‖ = 0

}
,

where ρ5,S(T) := {λ ∈ C such that λ ∈ �T,S and i(λS − T) = 0} and ρ6,S(T) denote the
set of those λ ∈ ρ5,S(T) such that all scalars near λ are in ρS(T).

We organize the paper in the following way: In the next section, we recall some
definitions and results needed in the sequel of the paper. In Section 3, we discuss the rela-
tionship between generalized weakly S-demicompact operators and Fredholm and upper
semi-Fredholm operators. Moreover, a characterization bymeans ofmeasure of weak non-
compactness is given. In Section 4, we provide some sufficient conditions on the inputs of
a closable block operator matrix to ensure the generalized weak S-demicompactness of its
closure. Also, we establish some perturbation results for S-essential spectrum of operator
matrices.

2. Preliminary results

The notion of the measure of weak noncompactness has many applications in topology,
functional analysis and theories of differential and integral equations (see [18–20]). It was
introduced by De Blasi. In order to recall this notion, let us denote by X a Banach space, by
BX the open unit ball of X and by BX its closure. The family of all nonempty and bounded
subsets ofX will be denoted byMX andWX its subfamily consisting of all relatively weakly
compact sets. Moreover, let conv(A) denotes the convex hull of a set A ⊂ X. Let us recall
the following definition:

Definition 2.1 ([21]): Let X be a Banach space. A function μ : MX −→ [0,+∞[ is said
to be ameasure of weak noncompactness inX if, for allA,B ∈ MX , it satisfies the following
conditions:



LINEAR ANDMULTILINEAR ALGEBRA 5

(i) μ(A) = 0 if, and only if, A is relatively weakly compact (A ∈ WX).
(ii) If A ⊂ B, then μ(A) ≤ μ(B).
(iii) μ(conv(A)) = μ(A).
(iv) μ(A ∪ B) = max{μ(A),μ(B)}.
(v) μ(A + B) ≤ μ(A)+ μ(B).
(vi) μ(λA) = |λ|μ(A), for λ ∈ C.

As an example of regular measure in a Banach space X, we have the measure of weak
noncompactness defined by De Blasi (see [22]) in the following formula: for all A ∈ MX ,

w(A) = inf
{
t > 0, there exists C ∈ WX such that A ⊂ C + tBX

}
.

Definition 2.2: LetX and Y be two complex Banach spaces andw be the De Blasi measure
of weak noncompactness in the space Y. We define the function

�w : L(X,Y) −→ [0,+∞[

T �−→ �w(T) = w(T(BX)).

�w is called a measure of weak noncompactness of operators associated with w.

Proposition 2.1: Let X and Y be two complex Banach spaces and T ∈ L(X,Y). Then,

(i) w(T(F)) ≤ �w(T)w(F) for every F ∈ MX .
(ii) �w(T) ≤ ‖T‖.
(iii) If X = Y , then�w(Tn) ≤ (�w(T))n for every n ∈ N.
(iv) Let C ≥ 0 such that for every x ∈ X, ‖Tx‖ ≤ C‖x‖. Then,

w (T(F)) ≤ Cw(F).

(v) Let C ≥ 0 such that for every x ∈ X, ‖x‖ ≤ C‖Tx‖. Then,
w(F) ≤ Cw (T(F)) .

Lemma 2.1 ([23]): Let X be a Banach space and A ∈ L(X).An operator A is in�+(X)with
i(A) ≤ 0 if, and only if, there exist two operators A0 and K such that A0 is in�+(X) and one
to one, and K is a finite rank operator such that A = A0 + K.

Definition 2.3: Let X and Y be two Banach spaces.

(i) An operator T ∈ C(X,Y) is said to have a left Fredholm inverse if there exists Tl ∈
L(Y ,XT) such that IXT − TlT̂ ∈ K(XT).

(ii) An operator T ∈ C(X,Y) is said to have a right Fredholm inverse if there exists Tr ∈
L(Y ,XT) such that IY − T̂Tr ∈ K(Y).

Theorem 2.1: Let X,Y , and Z be Banach spaces, A ∈ L(Y ,Z) and B ∈ L(X,Y). Then

(i) If AB ∈ �+(X,Z), then B ∈ �+(X,Y).
(ii) If AB ∈ �−(X,Z), then A ∈ �−(Y ,Z).
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Theorem 2.2: Let X,Y , and Z be Banach spaces, A ∈ L(Y ,Z) and B ∈ L(X,Y). If A and
B are Fredholm operators, upper semi-Fredholm operators, lower semi-Fredholm operators,
then AB is Fredholm operator, upper semi-Fredholm operator, lower semi-Fredholm operator,
respectively, and

i(AB) = i(A)+ i(B).

Definition 2.4 ([24]): Let X be a Banach space and A ∈ L(X). A is called a generalized
Riesz operator if there exists a finite subset E of C such that

(i) For all λ ∈ C\E, A − λI ∈ �(X),
(ii) for all λ ∈ C\E, A − λI has a finite ascent and finite descent, and
(iii) all λ ∈ σ(A)\E, are eigenvalues of finite multiplicity and have no accumulation point

except possibly points of E.

Corollary 2.1 ([25]): λ ∈ σap,S(T)\σub,S(T) if, and only if, λ is an isolated point of σap,S(T),
an eigenvalue of T of finite multiplicity, asc(T − λS) < ∞ andR(T − λS) is closed.

Corollary 2.2 ([26]): Let X be a Banach space and let T ∈ L(X). Then,

σub,S(T) = σe1,S(T) ∪ acc σap,S(T),

where acc σap,S(T) is the set of accumulation points of σap,S(T).

Definition 2.5: Let X be a Banach space, T : D(T) ⊂ X −→ X and let S : D(S) ⊂
X −→ X be densely defined linear operators with D(T) ⊂ D(S). T is said to be weakly
S-demicompact (or weak relative demicompact with respect to S), if every bounded
sequence (xn)n in D(T) such that (Sxn − Txn)n converges weakly in X, it has a weakly
convergent subsequence.

3. Generalized weak S-demicompactness

In the rest of this paper, we denote → for the strong convergence and ⇀ for the weak
convergence.

Now, we introduce the following definition:

Definition 3.1: Let X be a Banach space and let A, S ∈ C(X) with D(A) ⊂ D(S). A is
called a generalized weakly S-demicompact operator if there exists a finite subset E of C

containing 0 such that:

(i) For all λ ∈ C\E, 1/λA is weakly S-demicompact operator,
(ii) for all λ ∈ C\E, λS − A has a finite ascent, and
(iii) all λ ∈ σS(A)\E, are eigenvalues of finite multiplicity and have no accumulation

points except possibly points of E.

The set E is called a generalized set of A.
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Remark 3.1: (i) It should be noted that if, E is a generalized set ofA andG is a finite subset
of C containing E, then G is also a generalized set of A.

(ii) Note that for S = I, we recover the usual definition of generalized weak demicom-
pactness of an operator introduced by I. Ferjani et al. in [27].

Now, we will show that there is a relationship between the class of generalized weakly
S-demicompact operators and upper semi-Fredholm operators acting on a Banach space.

Theorem 3.1: Let X be a Banach space, T ∈ C(X) and S ∈ L(X) such that 0 ∈ ρ(S),
T(D(T)) ⊂ D(T) and S(D(T)) ⊂ D(T). Then, T is a generalized weakly S-demicompact
if, and only if, there exists a finite subset E ⊂ C containing 0 such that λS − T ∈ �+(X) for
all λ ∈ C\E.

Proof: Suppose that, there exists a finite subset E ⊂ C containing 0 such that λS − T ∈
�+(X) for all λ ∈ C\E. Since S is an invertible operator, we can write

λS − T = S(λI − S−1T) (1)

Taking into account Equation (1) and apply Theorem 2.1, we infer that λI − S−1T ∈
�+(X) for all λ ∈ C\E. Thus, S−1T is a generalized Riesz operator. Hence, according to
Definition 2.4, we have all λ ∈ σ(S−1T)\E, are eigenvalues of finite multiplicity and have
no accumulation points except possibly points of E.

Now, the fact that S is bounded and invertible allows us to get the following equality:

σ(S−1T) = σS(T).

Consequently, we deduce that all λ ∈ σS(T)\E, are eigenvalues of finite multiplicity and
have no accumulation points except possibly points of E.

Now, let us check that asc(λS − T) is finite. Since S−1T is a generalized Riesz operator,
it follows that asc(λI − S−1T) < ∞ for all λ ∈ C\E.

We denote by n0 = asc(λI − S−1T) < ∞. Further, for any eigenvalues λ ∈ σ(S−1T)\E,
we have mult(S−1T, λ) < ∞ which implies that

mult(S−1T, λ) = dimN∞(λI − S−1T) = dimN ((λI − S−1T)n0) < ∞.

We can write

λI − S−1T = S−1(λS − T). (2)

Let n ∈ N, using Equation (2), we have

(λI − S−1T)n = (S−1)n(λS − T)n

Hence,

N ((λS − T)n) ⊂ N ((λI − S−1T)n), for all n ∈ N.

This implies that ⋃
n∈N

N ((λS − T)n) ⊂
⋃
n∈N

N ((λI − S−1T)n)

Now, since dim
⋃

n∈N
N ((λI − S−1T)n) = dimN ((λI − S−1T)n0) < ∞, it follows that

dim
⋃

n∈N
N ((λS − T)n) < ∞, hence we get asc(λS − T) < ∞, for all λ ∈ C\E.
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Now for the last point, using the fact that asc(λS − T) < ∞, we obtain that i(λS − T) ≤
0, then, in view of Lemma 2.1, there exists a bounded below operator T0 and K ∈ K(X)
such that

λS − T = T0 + K.

Let (xn)n be a bounded sequence inD(T) such that

(λS − T)xn ⇀ x ∈ X.

Then, ((T0 + K)xn)n converges weakly on X. Since K compact, it follows that (Kxn)n has
a convergent subsequence (Kxϕ(n))n.

Consequently, (T0xϕ(n))n is a weakly convergent sequence. Since T0 is bounded below,
we infer that there exists a positive constant C such that

‖x‖ ≤ C‖T0x‖,
for all x ∈ D(T).

Let F = {xn, n ∈ N}, then by using Proposition 2.1 we get

w(F) ≤ Cw (T0(F)) .

Thus, w(F) = 0 and therefore, (xϕ(n))n has a weakly convergent subsequence. Hence, we
get (1/λ)T is weakly S-demicompact for all λ ∈ C\E. Thus, T is a generalized weakly S-
demicompact operator.

To prove the converse, let us first check that α(λS − T) < ∞. Since T is a general-
ized weakly S-demicompact operator, it follows that asc(λS − T) < ∞ for all λ ∈ C\E.
We denote by p = asc(λS − T) < ∞. Furthermore, for any eigenvalue λ ∈ σS(T)\E, we
have mult(T, λS) < ∞ which implies that

mult(T, λS) = dimN∞(λS − T) = dimN ((λS − T)p) < ∞.

Hence, from the following inclusion

N (λS − T) ⊂ N ((λS − T)p),

we get dimN (λS − T) = α(λS − T) < ∞.
For the second part of this proof, we claim that R(λS − T) is closed. Let (xn)n be any

sequence included in D(T). Let us take yn = (λS − T)xn such that yn → y ∈ X. Since
(1/λ)T is a weakly S-demicompact and

Sxn − 1
λ
Txn ⇀

1
λ
y ∈ X,

there exists a subsequence (xϕ(n))n of (xn)n such that xϕ(n) ⇀ x ∈ X.
Using both

xϕ(n) ⇀ x and (λS − T)xϕ(n) ⇀ y,

together with the closedness of (λS − T), we infer that

x ∈ D(T) and y = (λS − T)x.

As result, y ∈ R(λS − T). Hence,R(λS − T) is closed. �
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Remark 3.2: It seems that the hypotheses S is invertible cannot be dropped. Indeed,
let consider the backward shift A : l2 → l2, A(x1, x2, . . .) = (x2, x3, . . .) and define the
following two operators acting from l2 × l2 to itself:

S =
(
A 0
0 0

)
, T =

(
0 0
0 I

)
.

Then, λS − T ∈ �+(l2 × l2) for all λ ∈ C\{0}. According to the above theorem T should
be generalized weakly S-demicompact, and in particular it should admit a nonnegative
integer n such that N ((λS − T)n) = N ((λS − T)n+1) (the ascent of λS − T is finite).
However, it easy to see that dimN ((λS − T)k) = k for all k ≥ 1 and λ ∈ C\{0}, so the
kernel equality can never happen.

The following result will show the connection between Fredholm operators having null
indices, and the class of generalized weakly S-demicompact operators.

Theorem 3.2: Let X be a Banach space, T ∈ C(X) and S ∈ L(X) such that 0 ∈ ρ(S),
T(D(T)) ⊂ D(T) and S(D(T)) ⊂ D(T). If μT is a generalized weakly S-demicompact
operator for each μ ∈ [0, 1] with a generalized subset E, then λS − T ∈ �(X) and i(λS −
T) = i(λS), for all λ ∈ C\E.

Proof: SinceμT is a generalized weakly S-demicompact operator for eachμ ∈ [0, 1], then
λS − μT ∈ �+(X) for all λ ∈ C\E. Moreover, from Remark 2.4 in [4], it follows that
the index i(λS − μT) is continuous in μ and since it is integer, including infinite values,
it must be constant for every μ ∈ [0, 1]. Showing that i(λS − μT) = i(λS − T) = i(λS).
Consequently, λS − T ∈ �(X) and i(λS − T) = i(λS), for all λ ∈ C\E. �

Let us consider the following assumption for a given operator T.
(H) If (xn)n is weakly convergent sequence in X, then (Txn)n has a strongly convergent

subsequence in X.

Lemma 3.1: Let X be a Banach space, T ∈ C(X) and S ∈ L(X) such that 0 ∈ ρ(S). If T is
weakly S-demicompact satisfying the assumption (H), then S − T is an upper semi-Fredholm
operator.

Proof: First, let us check thatN (S − T) is finite dimensional. Let

� := {x ∈ D(T) such that (S − T)x = 0 and ‖x‖ ≤ 1} ,
and let (xn)n be a sequence of �. As T is weakly S-demicompact satisfying assumption
(H), there exists a subsequence (xϕ(n))n of (xn)n such that xϕ(n) ⇀ x ∈ X and Txϕ(n) →
y. Thus, it follows from the boundedness of S−1 that xϕ(n) → S−1y = x. Now, by using
the closedness of T, we deduce that x ∈ D(T) and Tx = y. Consequently, x ∈ N (S − T).
Moreover, from the fact that xϕ(n) ⇀ x, we get ‖x‖ ≤ lim inf ‖xϕ(n)‖ ≤ 1. Hence, x ∈ �
and so α(S − T) < ∞.

Now, we have to prove that R(S − T) is closed. Let (xn)n be any sequence included
in D(T). Let us take yn = (S − T)xn such that yn → y ∈ X. Since T is a weakly S-
demicompact and Sxn − Txn ⇀ y ∈ X, there exists a subsequence (xϕ(n))n of (xn)n
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such that xϕ(n) ⇀ x ∈ X. Using both xϕ(n) ⇀ x and (S − T)xϕ(n) ⇀ y, together with the
closedness of (S − T), we infer that

x ∈ D(T) and y = (S − T)x.

As result, y ∈ R(S − T). Hence,R(S − T) is closed. This achieves the proof. �

Now, we give a characterization of generalized weakly S-demicompact operators by
means of a measure of weak noncompactness.

Theorem 3.3: Let X be a Banach space, T ∈ C(X) and S ∈ L(X) such that 0 ∈ ρ(S),
T(D(T)) ⊂ D(T) and S(D(T)) ⊂ D(T).Assume that T satisfies the assumption (H).Then,
T is a generalized weakly S-demicompact if, and only if, there exist a positive constant C and
a finite subset E of C containing 0 such that for all bounded sets F ⊂ D(T)

w(F) ≤ Cw ((λS − T)(F)) , for all λ ∈ C\E.

Proof: Suppose thatT is a generalized weakly S-demicompact, then by using Theorem 3.1,
there exists a finite subset E of C containing 0 such that λS − T ∈ �+(X) for all λ ∈ C\E.
Now, since asc(λS − T) is finite, it follows that i(λS − T) ≤ 0, applying Lemma 2.1, there
exist a compact operator K and a bounded below operator T0 such that λS − T = K + T0.
Since T0 is bounded below, there exists a positive constant C such that

‖x‖ ≤ C‖T0x‖,
for all x ∈ D(T).

Hence, by applying Proposition 3.1, we get

w(F) ≤ Cw ((λS − T)(F)) ,

for any bounded set F ⊂ D(T).
To prove the converse, suppose that there exist a positive constant C and a finite subset

E of C containing 0 such that for every bounded set F of X,

w(F) ≤ Cw ((λS − T)(F)) , for all λ ∈ C\E.
Let (xn)n be a bounded sequence ofD(T) such that

(λS − T)xn ⇀ x ∈ X.

Choose F = {xn; n ∈ N}. It is clear that F is a bounded set of D(T) such that w((λS −
T)(F)) = 0. Hence, w(F) = 0 which follows that (xn)n has a weakly convergent subse-
quence. Consequently, (1/λ)T is weakly S-demicompact for all λ ∈ C\E. Now, since T
satisfies (H), it follows from Lemma 3.1 that λS − T ∈ �+(X) for all λ ∈ C\E. Thus,
applying Theorem 3.1, T is a generalized weakly S-demicompact operator. �

Corollary 3.1: Let X be a Banach space, T ∈ L(X), A ∈ L(X) and S ∈ L(X) such that 0 ∈
ρ(S). Suppose that there exists an integer n ≥ 1, such that (AT)n or (TA)n satisfy the assump-
tion (H) andAT − TA ∈ W(X).Then, (AT)n is a generalized weakly S-demicompact if, and
only if, (TA)n is a generalized weakly S-demicompact.



LINEAR ANDMULTILINEAR ALGEBRA 11

Proof: Suppose that (AT)n is a generalized weakly S-demicompact. In the view of
Theorem 3.3, there exist a positive constant Cn and a finite subset E of C containing 0
such as for all F ∈ MX ,

w(F) ≤ Cnw
(
(λS − (AT)n)(F)

)
, for all λ ∈ C\E.

Hence, for every bounded set F,

w(F) ≤ Cnw
(
(λS − (TA)n)(F)

) + Cnw
(
((TA)n − (AT)n)(F)

)
.

Using the following identity:

(TA)n − (AT)n =
n−1∑
k=0

(TA)k(TA − AT)(AT)n−1−k,

we infer that (TA)n − (AT)n ∈ W(X). Hence, for all F ∈ MX ,

w
(
((TA)n − (AT)n)(F)

) = 0.

Accordingly, for all F ∈ MX ,

w(F) ≤ Cnw
(
(λS − (TA)n)(F)

)
, for all λ ∈ C\E.

In view of Theorem 3.3, we conclude that (TA)n is a generalized weakly S-demicompact.
The converse is proved similarly. �

Lemma 3.2: Let X be a Banach space, T ∈ C(X) and S ∈ L(X) such that S 
= 0. Assume
that S − T̂ satisfies the assumption (H). If T is a S-demicompact operator, then T is a weakly
S-demicompact operator.

Proof: Let (xn)n be a bounded sequence ofD(T) such that yn := Sxn − Txn ⇀ y. Since T
is a S-demicompact operator, by using Theorem 2.1 in [7], we deduce that S − T ∈ �+(X)
which implies that S − T̂ ∈ �+(XT ,X). The use ofα(S − T) < ∞, implies that there exists
a closed subspace X0 of X such that

X = N (S − T)⊕ X0.

SinceX0 is a closed subset ofX and T ∈ C(X), we deduce thatX0 ∩ D(T) is a closed subset
of XT . Therefore (X0 ∩ D(T), ‖.‖T) is a Banach space. Hence,

XT = N (S − T̂)⊕ [D(T) ∩ X0].

Then, (S − T̂)|X0∩D(T) : (X0 ∩ D(T), ‖.‖T) −→ (R(S − T), ‖.‖) is invertible with
bounded inverse on R(S − T) = R(S − T̂). Then from the boundedness of ((S −
T̂)|X0∩D(T))−1 onR(S − T̂), we have xn ⇀ (S − T̂)−1(y). Taking into account the fact that
S − T̂ satisfies (H), we deduce that (S − T̂)xϕ(n) → x, so (S − T)xϕ(n) → x. From the rel-
ative demicompactness of T, there exists a convergent subsequence (xψ(ϕ(n)))n of (xϕ(n))n
such that xψ(ϕ(n)) → z. Hence, xψ(ϕ(n)) ⇀ z and this achieves the proof. �
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Theorem 3.4: Let X be a Banach space, A ∈ L(X) and S ∈ L(X) such that 0 ∈ ρ(S) and
0 ∈ σub,S(A). Assume that λS − A satisfies the assumption (H) for all λ ∈ C\{0}. Then, A
is a generalized weakly S-demicompact if, and only if, A has a finite upper semi-Browder
S-spectrum.

Proof: Suppose that A is a generalized weakly S-demicompact. Then, from Theorem 3.1,
there exists a finite set E ⊂ C containing 0 such that for all λ ∈ C\E,A − λS ∈ �+(X) and
have a finite ascent. Therefore σub,S(A) ⊂ E and hence σub,S(A) is a finite subset.

To prove the converse, suppose that σub,S(A) is a finite subset of C. For all λ ∈
C\σub,S(A), A − λS is an upper semi-Browder, then A − λS is an upper semi-Fredholm
which implies from Theorem 2.1 in [7] that (1/λ)A is a S-demicompact for all λ ∈
C\σub,S(A), so from Lemma 3.2, we infer that (1/λ)A is a weakly S-demicompact for all
λ ∈ C\σub,S(A). Furthermore, we have asc(A − λS) < ∞, for all λ ∈ C\σub,S(A). Let λ ∈
σS(A)\σub,S(A). Since λ ∈ σS(A), by using Corollary 2.2, λ is an isolated point of σap,S(A).
Hence, λ ∈ σap,S(A)\σub,S(A). Now, applying Corollary 2.1, we deduce that λ is an eigen-
value ofA of finitemultiplicity. Again, by usingCorollary 2.2, we get allλ ∈ σS(A)\σub,S(A)
have no accumulation point except possibly points ofσub,S(A). Therefore,A is a generalized
weakly S-demicompact with a generalized set σub,S(A). �

In the end of this section, we will give some perturbation results and the relationship
between the S-essential spectrum of the sum of two linear operators and the S-essential
spectrum of each one.

Theorem 3.5: Let X be a Banach space, T ∈ L(X), A ∈ L(X) and S ∈ L(X) such that S 
=
0 and 0 ∈ ρ(S). Assume that there exists a finite subset E of C containing 0 such that the
following assertions hold :

(i) For every λ ∈ �+(T+A),S\E, there exists Fλl a left Fredholm inverse operator of (λS −
T − A) such that−ϒλ(T,A)Fλl is a generalized weakly S-demicompact with a general-
ized set E.

(ii) For every λ ∈ �+(T+A),S\E, there exists Hλl a left Fredholm inverse operator of (λS −
T − A) such that −ϒλ(A,T)Hλl is a generalized weakly S-demicompact with a gener-
alized set E.

Then,

[σe1,S(T) ∪ σe1,S(A)]\E ⊂ [σe1,S(T + A)]\E,
where ϒλ(T,A) = TA − λ[T, S] and [T, S] = TS − ST.

Proof: Let λ ∈ C\E. If there exists Fλl a left Fredholm inverse operators of (λS − T − A),
then Fλl(λS − T − A) = I − K where K ∈ K(X), then we have

(λS − T)(λS − A) = λS(λS − T − A)+ϒλ(T,A)

= λS(λS − T − A)+ϒλ(T,A)Fλl(λS − T − A)+ ϒλ(T,A)K.
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We conclude

(λS − T)(λS − A) = (λS + ϒλ(T,A)Fλl)(λS − T − A)+ ϒλ(T,A)K. (3)

In the same manner, we can write

(λS − A)(λS − T) = (λS +ϒλ(A,T)Hλl)(λS − T − A)+ϒλ(A,T)K. (4)

Let λ 
∈ σe1,S(T + A) ∪ E, then λS − T − A ∈ �+(X) and set Fλl andHλl are left Fredholm
inverse operators of (λS − T − A) such that −ϒλ(T,A)Fλl and −ϒλ(A,T)Hλl are gen-
eralized weakly S-demicompact. Now, applying Theorem 3.1, we get (λS +ϒλ(T,A)Fλl)
and (λS +ϒλ(A,T)Hλl) are upper semi-Fredholm operators on X, for all λ ∈ C\E. Using
Theorem2.2, Equation (3) and (4), we prove that (λS − T)(λS − A) and (λS − A)(λS − T)
are upper semi-Fredholm operators both. Now, Theorem 2.1 completes the proof. �

Theorem 3.6: Let X be a Banach space, A ∈ L(X), B ∈ L(X), S ∈ L(X) such that S 
= 0,
0 ∈ ρ(S) and let E be a finite subset of C containing 0.

(i) If for every λ ∈ �+(A+B),S\E, there exists Fλl (resp. Fλr) a left (resp. right) Fredholm
inverse operator of (λS − A − B) such that μ(λ[A, S] − AB)Fλl (resp. μFλr(λ[S,B] −
AB)) is a generalized weakly S-demicompact with a generalized set E for anyμ ∈ [0, 1],
then

σe4,S(A + B)\E ⊂ [σe4,S(A) ∪ σe4,S(B)]\E.
(ii) Moreover, if there exists Hλl (resp. Hλr) a left (resp. right) Fredholm inverse opera-

tor of (λS − A − B) such that μ(λ[B, S] − BA)Hλl (resp. μHλr(λ[S,A] − BA)) is a
generalized weakly S-demicompact with a generalized set E for any μ ∈ [0, 1], then

σe4,S(A + B)\E = [σe4,S(A) ∪ σe4,S(B)]\E,
where [A, S] = AS − SA.

Proof: (i) Let λ ∈ C\E. If there exists Fλl (resp.Fλr) a left (resp. right) Fredholm inverse
operator of (λS − A − B), then there existsK ∈ K(X) (resp.K ′ ∈ K(X)) such that Fλl(λS −
A − B) = I − K (resp. (λS − A − B)Fλr = I − K ′). Thus, we have

(λS − A)(λS − B) = λS(λS − A − B)+�λ(A,B)

= λS(λS − A − B)+�λ(A,B)Fλl(λS − A − B)+�λ(A,B)K

= (λS +�λ(A,B)Fλl)(λS − A − B)+�λ(A,B)K,

where�λ(A,B) = AB − λ[A, S].

(resp. (λS − A)(λS − B) = (λS − A − B)(λS + Fλr(λ[B, S] + AB))+ K ′(λ[B, S] + AB).)

Let λ /∈ [σe4,S(A) ∪ σe4,S(B)] ∪ E, then λS − A ∈ �(X) and λS − B ∈ �(X). It follows
from Theorem 6 in [26] that (λS − A)(λS − B) ∈ �(X). As μ([A, S] − AB)Fλl (resp.
μFλr(λ[S,B] − AB) ) is a generalized weakly S-demicompact, it follows from Theorem 3.2
that (λS +�λ(A,B)Fλl) (resp. (λS + Fλr(λ[B, S] + AB)) ) is a Fredholm operator. Now,
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using the fact that �λ(A,B)K (resp. K ′(λ[B, S] + AB)) is compact, we conclude together
with Theorem 7.12 in [28] that λS − A − B ∈ �(X). Hence, λ /∈ σe4,S(A + B).
(ii) Conversely, if λ /∈ σe4,S(A + B) ∪ E, then arguing the operators as above, we

deduce that (λS − A)(λS − B) ∈ �(X) and (λS − B)(λS − A) ∈ �(X). According to
Theorem 5.14 in [28], we conclude that λS − A ∈ �(X) and λS − B ∈ �(X).

Thus, λ /∈ [σe4,S(A) ∪ σe4,S(B)]\E. �

4. Generalized weak S-demicompactness results for block operator matrices

The purpose of this section is to discuss the S-essential spectra of the closure L of the 2 × 2
operator matrix L0 which acts on the Banach space X × X, where S is a bounded invertible
operator, formally defined on the product space X × X by a matrix:

S :=
(
S1 S2
S3 S4

)
,

and L0 is given by

L0 :=
(
A B
C D

)
. (5)

The operator A acts on X and has domain D(A), D is defined on D(D) and acts on the
Banach space X, and the intertwining operator B (resp. C) is defined on the domainD(B)
(resp.,D(C)) and acts on X.

In what follows, we will assume that the following conditions hold:

(H1) The operator A is a closed, densely defined linear operator on X with a nonempty
S1-resolvent set ρS1(A).

(H2) The operator B is a densely defined linear operator on X and, for some (hence for
all)μ ∈ ρS1(A), the operator (A − μS1)−1B is closable. (In particular, ifB is closable,
then (A − μS1)−1B is also closable).

(H3) The operator C satisfies the inclusion D(A) ⊂ D(C) and, for some (hence for all)
μ ∈ ρS1(A), the operator C(A − μS1)−1 is bounded.

(H4) The lineal D(B) ∩ D(D) is dense in X and for some (hence all) μ ∈ ρS1(A), the
operatorD − C(A − μS1)−1B is closable.We will denote the closure of the operator
D − (C − μS3)(A − μS1)−1(B − μS2) by S(μ).

Remark 4.1: (i) From the closed graph theorem, it follows that the operator G(μ) :=
(A − μS1)−1(B − μS2) is bounded on X.
(ii) From the assumption (H3), it follows that the operator: F(λ) = (C − μS3)(A −

μS1)−1 is bounded on X.

Now, let us recall the following result which describes the closure of the operator L0.

Theorem 4.1 ([8]): Let conditions (H1)–(H3) be satisfied and the lineal D(B) ∩ D(D) be
dense in X. Then, the operator L0 is closable if, and only if, the operator D − C(A − μS1)−1B
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is closable on X, for some μ ∈ ρS1(A).Moreover, the closure L of L0 is given by:

L = μS +
(

I 0
F(μ) I

) (
A − μS1 0

0 S(μ)− μS4

) (
I G(μ)
0 I

)
.

Remark 4.2: Let λ ∈ C andμ ∈ ρS1(A). Writing λS − L = μS − L + (λ− μ)S and using
Theorem 4.1, we have

λS − L =
(

I 0
F(μ) I

) (
λS1 − A 0

0 λS4 − S(μ)

) (
I G(μ)
0 I

)
− (λ− μ)M(μ)

:= UV(λ)W − (λ− μ)M(μ), (6)

where

M(μ) =
(

0 S1G(μ)− S2
F(μ)S1 − S3 F(μ)S1G(μ)

)
.

In all that follows, we will consider the following invertible matrix operator:

S :=
(
S1 S2
S3 S4

)
∈ L(X × X), (7)

such that 0 ∈ ρ(S1) ∩ ρ(S4).
Now, we start this section by a result for a particular representation of L0.

Lemma 4.1: Let X be a Banach space, A ∈ L(X), B ∈ L(X) and consider the 2 × 2 operator
matrices

MC :=
(
A C
0 B

)
,

where C ∈ L(X) and S ∈ L(X × X) with the representation (7). Assume that S3 ∈ F(X).
Then, A is a generalized weakly S1-demicompact operator and B is a generalized weakly S4-
demicompact operator if, and only if, MC is a generalized weakly S-demicompact operator.

Proof: Let λ ∈ C. Clearly, we have

λS − MC =
(
λS1 − A λS2 − C
λS3 λS4 − B

)
=

(
0 0
λS3 0

)
+

(
λS1 − A λS2 − C

0 λS4 − B

)
.

Since A is a generalized weakly S1-demicompact and B is a generalized weakly S4-
demicompact, then there exist two finite subsets E1 and E2 of C containing 0 such
that λS1 − A ∈ �+(X) for all λ ∈ C\E1 and λS4 − B ∈ �+(X) for all λ ∈ C\E2. From
Remark 3.1, it follows that also A is a generalized weakly S1-demicompact and B is a
generalized weakly S4-demicompact with a generalized set E = E1 ∪ E2. This allows us
to get λS1 − A ∈ �+(X) and λS4 − B ∈ �+(X) for all λ ∈ C\E. Now, when applying
Lemma 6.6.1 in [8] and using the fact that S3 ∈ F(X), we get λS − MC ∈ �+(X × X) for
allλ ∈ C\E, and for everyC ∈ L(X). Hence, fromTheorem3.1,MC is a generalizedweakly
S-demicompact with a generalized set E.
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To prove the converse, assume thatMC is a generalizedweakly S-demicompact operator.
From Theorem 3.1, there exists a finite subset E of C containing 0 such that λS − MC is an
upper semi-Fredholm operator, for all λ ∈ C\(E ∪ σS4(B)).

First, we put the following factorization:

λS − MC =
(

0 0
λS3 0

)
+

(
λS1 − A λS2 − C

0 λS4 − B

)

=
(

0 0
λS3 0

)
+

(
I (λS2 − C)(λS4 − B)−1

0 I

) (
λS1 − A 0

0 I

) (
I 0
0 λS4 − B

)
.

Since we have found that(
λS1 − A 0

0 I

) (
I 0
0 λS4 − B

)
=

(
I 0
0 λS4 − B

) (
λS1 − A 0

0 I

)
,

so using the facts thatλS − MC ∈ �+(X × X) and S3 ∈ F(X), it follows fromLemma6.6.2
in [8] that λS1 − A and λS4 − B are upper semi-Fredholm, for all λ ∈ C\E. Consequently,
by using Theorem 3.1, the operators A is a generalized weakly S1-demicompact and B is a
generalized weakly S4-demicompact. �

Now, rewrite the Frobenius–Schur factorization:

αL = αμS −
(

I 0
F(μ) I

) (
αμS1 − αA 0

0 αμS4 − αS(μ)

) (
I G(μ)
0 I

)
.

Let λ ∈ C, we have

λS − αL =
(

I 0
F(μ) I

)(
λS1 − αA 0

0 λS4 − αS(μ)

) (
I G(μ)
0 I

)
− (λ− αμ)M(μ)

:= UVα(λ)W − (λ− αμ)M(μ).

Theorem 4.2: Let X be a Banach space and S ∈ L(X × X) with the representation (7).
Assume that the operator L0 defined in Equation (5) satisfies (H1)–(H4) and let L be its
closure. Let μ ∈ ρS1(A) and λ ∈ C. If for t ∈ [0, 1], the operators tA is a generalized weakly
S1-demicompact, tS(μ) is a generalized weakly S4-demicompact and M(μ) ∈ F+(X × X),
then αL is a generalized weakly S-demicompact operator, for all α ∈ [0, 1].

Proof: Let μ ∈ ρS1(A), α ∈ [0, 1] and λ ∈ C. According to Equation (6), we have

λS − αL = UVα(λ)W − (λ− αμ)M(μ).

Since αA is a generalized weakly S1-demicompact and αS(μ) is a generalized weakly
S4-demicompact, then there exist two finite subsets E1 and E2 of C containing 0 such
that λS1 − αA ∈ �+(X) for all λ ∈ C\E1 and λS4 − αS(μ) ∈ �+(X) for all λ ∈ C\E2.
From Remark 3.1, it follows that also αA is a generalized weakly S1-demicompact and
αS(μ) is a generalized weakly S4-demicompact with a generalized set E = E1 ∪ E2. This
allows us to get λS1 − αA ∈ �+(X) and λS4 − αS(μ) ∈ �+(X) for all λ ∈ C\E. Now,
when applying Lemma 6.6.1 in [8], we get Vα(λ) ∈ �+(X × X) for all λ ∈ C\E. Taking
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into account the fact that M(μ) ∈ F+(X × X) and the boundedness of the operators U,
W and theirs inverses, we deduce that λS − αL ∈ �+(X × X) for all λ ∈ C\E. Hence,
from Theorem 3.1, αL is a generalized weakly S-demicompact operator with a generalized
set E. �

Corollary 4.1: Let X be a Banach space and S ∈ L(X × X) with the representation (7).
Assume that the operator L0 defined in Equation (5) satisfies (H1)-(H4) and let L be its clo-
sure. Let μ ∈ ρS1(A) and λ ∈ C. If A is a generalized weakly S1-demicompact operator and
S(μ) is a generalized weakly S4-demicompact operator andM(μ) ∈ F+(X × X), then L is a
generalized weakly S-demicompact operator.

Proof: The proof is a direct application of Theorem 4.2 for α = 1. �

Theorem 4.3: Let X be a Banach space and S ∈ L(X × X) with the representation (7).
Assume that there exists a finite subset E of C containing 0, the operator L0 defined in
Equation (5) satisfies (H1)-(H4) and let L be its closure. Then

(i) If the operators A is a generalized weakly S1-demicompact, S(μ) is a generalized weakly
S4-demicompact with a generalized set E and M(μ) ∈ F+(X × X), then

σe1,S(L)\E = [σe1,S1 (A) ∪ σe1,S4 (S(μ))]\E.

(ii) If for all α ∈ [0, 1], the operators αA is a generalized weakly S1-demicompact, αS(μ) is
a generalized weakly S4-demicompact with a generalized set E and M(μ) ∈ F(X × X),
then

σei,S(L)\E = [σei,S1 (A) ∪ σei,S4 (S(μ))]\E, where i ∈ {4, 5}.

Proof: (i) Since A is a generalized weakly S1-demicompact and S(μ) is a generalized
weakly S4-demicompact and M(μ) ∈ F+(X × X), it follows from Corollary 4.1 that the
matrix operator L is a generalized weakly S-demicompact. Hence, fromTheorem 3.1, there
exists a finite subset E of C containing 0 such that λS − L is an upper semi-Fredholm
operator for all λ ∈ C\E.

According to Remark 4.2, we have

λS − L =
(

I 0
F(μ) I

) (
λS1 − A 0

0 λS4 − S(μ)

) (
I G(μ)
0 I

)
− (λ− μ)M(μ)

:= UV(λ)W − (λ− μ)M(μ),

where

M(μ) =
(

0 S1G(μ)− S2
F(μ)S1 − S3 F(μ)S1G(μ)

)
.

Using the fact that M(μ) ∈ F+(X × X), we infer that λS − L ∈ �+(X × X) if, and only
if, the operator UV(λ)W is such too. Now, since V and W are invertible and have
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bounded inverses, hence λS − L ∈ �+(X × X) if, and only if, V(λ) ∈ �+(X × X) which
is equivalent to λS1 − A ∈ �+(X) and λS4 − S(μ) ∈ �+(X). Thus,

σe1,S(L)\E = [σe1,S1 (A) ∪ σe1,S4 (S(μ))]\E.
(ii) Since αA is a generalized weakly S1-demicompact, αS(μ) is a generalized weakly
S4-demicompact operators for all α ∈ [0, 1] and M(μ) ∈ F(X × X), it follows from
Theorem 4.2 that the matrix operator αL is a generalized weakly S-demicompact for all
α ∈ [0, 1]. Hence, from Theorem 3.2, λS − L ∈ �(X × X).

Now, a similar reasoning as (i) allows us to conclude that

σe4,S(L)\E = [σe4,S1 (A) ∪ σe4,S4 (S(μ))]\E.
For Schechter’s spectrum. Since αA is a generalized weakly S1-demicompact and αS(μ) is
a generalized weakly S4-demicompact for all α ∈ [0, 1], it follows from Theorem 4.2 that
the matrix operator αL is a generalized weakly S-demicompact for all α ∈ [0, 1]. Hence,
from Theorem 3.2, λS − L ∈ �(X × X) and i(λS − L) = 0.

Now, when using the same argument of (i), we infer that

σe5,S(L)\E = [σe5,S1 (A) ∪ σe5,S4 (S(μ))]\E. �
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