Linear and Multilinear Algebra

ISSN: 0308-1087 (Print) 1563-5139 (Online) Journal homepage: https://www.tandfonline.com/loi/gima20

Taylor & Francis

Taylor & Francis Group

Spectral properties for generalized weakly S-
demicompact operators

Imen Ferjani, Aref Jeribi & Bilel Krichen

To cite this article: Imen Ferjani, Aref Jeribi & Bilel Krichen (2020): Spectral properties
for generalized weakly S-demicompact operators, Linear and Multilinear Algebra, DOI:
10.1080/03081087.2020.1737633

To link to this article: https://doi.org/10.1080/03081087.2020.1737633

@ Published online: 09 Mar 2020.

\]
CA/ Submit your article to this journal

||I| Article views: 3

A
& View related articles &'

PN

(!) View Crossmark data (&

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=glma20


https://www.tandfonline.com/action/journalInformation?journalCode=glma20
https://www.tandfonline.com/loi/glma20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/03081087.2020.1737633
https://doi.org/10.1080/03081087.2020.1737633
https://www.tandfonline.com/action/authorSubmission?journalCode=glma20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=glma20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/03081087.2020.1737633
https://www.tandfonline.com/doi/mlt/10.1080/03081087.2020.1737633
http://crossmark.crossref.org/dialog/?doi=10.1080/03081087.2020.1737633&domain=pdf&date_stamp=2020-03-09
http://crossmark.crossref.org/dialog/?doi=10.1080/03081087.2020.1737633&domain=pdf&date_stamp=2020-03-09

LINEAR AND MULTILINEAR ALGEBRA e Taylor & Francis

https://doi.org/10.1080/03081087.2020.1737633 Taylor & Francis Group

") Check for updates

Spectral properties for generalized weakly S-demicompact
operators

Imen Ferjani, Aref Jeribi and Bilel Krichen

Faculty of Sciences of Sfax, Department of Mathematics, University of Sfax, Sfax, Tunisia

ABSTRACT ARTICLE HISTORY

In this paper, we introduce the concept of generalized weakly Received 14 October 2019
S-demicompact operators with respect to a weakly closed linear ~ Accepted 26 February 2020
operator S. We study the general setting of Fredholm theory. We
give some perturbation results on the behaviour of relative essential
spectra of the sum of two bounded linear operators by means of the
relative essential spectra of each one. A characterization of general- ~ KEYWORDS

ized weakly S-demicompact operators by means of measures of weak ~ Generalized weakly .
noncompactness is given. Moreover, we impose some sufficient con- i}gﬁﬂgfﬁ?ﬁgd operator;
ditions on the inputs of a closable block operator matrix to ensure the

. . . semi-Fredholm operators;
generalized weak S-demicompactness of its closure. block operator matrix;

relative essential spectrum

COMMUNICATED BY
R. Pereira

MATHEMATICS SUBJECT
CLASSIFICATIONS
47A53;47A10

1. Introduction

The concept of demicompactness appeared in the literature in order to construct and inves-
tigate the structure of fixed point sets for nonlinear operators acting on Hilbert and Banach
spaces. It was introduced by Petryshyn in 1966 as follows:

Definition 1.1: An operator T : D(T) C X — X is said to be demicompact if for every
bounded sequence (x,,), in D(T) such that (x, — Tx,), converges to an element of X, there
exists a convergent subsequence of (x;) .

Later, this class is used by Petryshyn [1] and Akashi [2] to provide a few results on Fred-
holm theory. In 2015, Chaker et al. [3] continued this study to investigate the essential
spectra of densely defined linear operators. In 2014, Krichen [4], introduced the relative
demicompactness class with respect to a given closed linear operator as a generalization
of the demicompactness notion. This definition asserts that if X is a Banach space, T :
D(T) C X — X,and S: D(S) C X —> X are two linear operators with D(T) C D(S),
then T is said to be S-demicompact, if every bounded sequence (x,), in D(T) such
that (Sx, — Tx,), converges in X, have a convergent subsequence. In 2016, Krichen and
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O’Regan developed in [5] some Fredholm and perturbation results involving a new con-
cept, called weakly relative demicompactness for nonlinear operators. Recently, in [6] the
same authors studied the relationship between the class of weakly demicompact linear
operators and an axiomatic measures of weak noncompactness of linear operator. In 2018,
Jeribi etal. [7], characterized an unbounded S-demicompact linear operator with respect to
a bounded linear operator S by the Kuratowski measure of noncompactness. However, in
all these works, the study of spectral properties and perturbation results for block operator
matrices with unbounded inputs is not treated.

Note that the theory of block operator matrices arise in various areas of mathematics and
its applications. The spectral properties of block operator matrices are of vital importance
as they govern for instance the time evolution and hence the stability of the underlying
physical systems. From the most important works on the spectral theory of block operator
matrices, we mention [8], in which the author developed the essential spectra of 2 x 2 and
3 x 3 block operator matrices. We also mention [9], which presented a wide panorama of
methods to investigate the essential spectra of unbounded block operator matrices. In [10],
it was proved that under some conditions, the block operator matrices is closable and we
can determine its closure.

In the present paper, we will study some spectral properties for generalized weakly S-
demicompact unbounded linear operators, where S is a bounded invertible linear operator.
In particular, we discuss the case of block operator matrices, acting on a product Banach
space X x X, and having the following matrix representation:

A B

n= (2 2).
Note that the entries of Ly are generally unbounded. The operator A acts on the Banach
space X and has the domain D(A), D acts on the same Banach space X and is defined on
D(D) and the intertwining operator B (resp. C) is defined on D(B) (resp. D(C)) and acts
from X into itself. In a part of our work, we aim to use the concept of generalized weak S-
demicompactness to investigate the essential spectra of L, respecting a bounded invertible
linear operator S.

Now let us recall some standard tools from Fredholm theory needed in this paper. Let
X and Y be two Banach spaces. The set of all closed densely defined (resp. bounded) lin-
ear operators acting from X into Y is denoted by C(X, Y) (resp. £(X, Y)). We denote by
KX, Y) (resp. W(X, Y) the subset of compact operators of (resp. the subset of weakly com-
pact operators) L(X, Y). The set W(X, Y) is a closed two-sided ideal of £(X, Y) containing
KX, Y) (see [11, 12]).

Let X be a Banach space. We will use the following notation:

C(X) is the set of all closed densely defined linear operators in X acting to X. The
sets D(T), R(T), and N (T) stand for the domain, the range and the kernel of T € C(X)
respectively.

@, (X):={T eC(X): R(T) is closed and a(T) = dim N (T) < oo},
®_(X):={T eC(X): R(T)isclosed and B(T) = dim X/R(T) < oo},
O(X) == 0_(X) N D (X),
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stand for the sets of upper semi-Fredholm, lower semi-Fredholm and Fredholm operators
from X into itself.

For an operator T € &, (X) or ®_(X), the index is defined as i(T) := «(T) — B(T). If
T € C(X), we denote by p(T) the resolvent set of T and by o (T) the spectrum of T.

Let T € C(X). For x € D(T), the graph norm |.||7 of x is defined by ||x|IT = ||x|| +
|| Tx]|. It follows from the closedness of T that X7 := (D(T), ||.|r) is a Banach space.
Clearly, for every x € D(T) we have || Tx|| < ||x||,so that T € L(Xr,X). A linear operator
B is said to be T-defined if D(T) C D(B). If the restriction of B to D(T) is bounded from
X7 into X, we say that B is T-bounded. We can see T and B as bounded linear operators
from Xt into X. In this case, they will be denoted by TandB, respectively (that s, T= Tix;
and B = B ix; are in £(Xr, X)). Furthermore, we have the obvious relations:

) «(T) =a(D),B(T) = B(T), RB) = R(B),
(i) (T +B) =a(T+B),B+T)=pB(T+B),and
(iii) R(B+T) = R(T + B).

Following these relations, we deduce that T € ®(X) (resp. (X)) if, and only if, Te
D (X7, X) (resp. T € & (X1,X)).

Definition 1.2: Let X and Y be two Banach spaces and let F € L(X, Y). The operator F is
called a:

(a) Fredholm perturbationif T+ F € ®(X,Y) whenever T € ®(X,Y).
(b) Upper semi-Fredholm perturbation if T + F € ®4(X,Y) whenever T € &, (X,Y).
(¢) Lower semi-Fredholm perturbationif T + F € ®_(X,Y) whenever T € ®_(X,Y).

The set of Fredholm, upper semi-Fredholm and lower semi-Fredholm perturbations are
denoted by F(X,Y), F+(X,Y) and F_(X, Y), respectively.
Now, we recall that the S-resolvent set of T is defined by:

ps(T) := {A € C such that AS — T has a bounded inverse },

and the S-spectrum of T is defined by:
os(T) == C\ps(T).

Next, we denote by asc(T) (resp. desc(T)) the ascent (resp. the descent) of T, i.e. the smallest
nonnegative integer n such that N'(T") = N (T")(resp. R(T") = R(T"*1)). If such n
does not exists, then asc(T) = oo (resp. desc(T) = 00 ). For A € C, an eigenvalue of T, the
dimension of N (& — T) := UpenN (A — T)") is called the algebraic multiplicity of T
and is denoted by mult(T, A). An operator T € L(X) is called Browder if it is Fredholm and
has finite ascent and finite descent. An operator T € L£(X) is called upper semi-Browder
if it is upper semi-Fredholm and has finite ascent. The class of all Browder operators is
defined by:

B(X) .= {T € ®(X) such that asc (T) < oo and desc (T) < o0}.
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The class of all upper semi-Browder operators on a Banach space X that is defined by:
Bi(X) :={T € ®,(X) such thatasc (T) < oo}.

The classes of operators above defined motivate the definition of several spectra (see for
example [13-15]). Note that the concept of S-essential spectrum was introduced in [16] as
a generalization of the usual notion of Wolf essential spectrum (see [17]).

In this work, we are concerned with the following S-essential spectra: The upper semi-
Browder S-spectrum of T € L£(X) is defined by:

oups(T) := (A € Csuch that AS — T ¢ B4 (X)},
whilst the Browder S-spectrum of T € L£(X) is defined by:

ops(T) := {1 € Csuch that AS — T ¢ B(X)}.

0e,,8(T) := {A € Csuchthat AS— T ¢ ¢, (X)} := C\ P15,
Oey,s(T) := {A € Csuchthat AS— T ¢ ®(X)} := C\Pry,
0es,s(T) = C\ps,s(D),

0eq,s(T) = C\ pg,s(T),

Oaps(T) == {A € C such that inf IAS — T)x|| = 0} ,
xeD(T), ||lx||=1
where p55(T) := {% € C such that » € @5 and i(AS — T) = 0} and pes(T) denote the
set of those & € p5s(T) such that all scalars near A are in pg(T).

We organize the paper in the following way: In the next section, we recall some
definitions and results needed in the sequel of the paper. In Section 3, we discuss the rela-
tionship between generalized weakly S-demicompact operators and Fredholm and upper
semi-Fredholm operators. Moreover, a characterization by means of measure of weak non-
compactness is given. In Section 4, we provide some sufficient conditions on the inputs of
a closable block operator matrix to ensure the generalized weak S-demicompactness of its
closure. Also, we establish some perturbation results for S-essential spectrum of operator
matrices.

2. Preliminary results

The notion of the measure of weak noncompactness has many applications in topology,
functional analysis and theories of differential and integral equations (see [18-20]). It was
introduced by De Blasi. In order to recall this notion, let us denote by X a Banach space, by
Bx the open unit ball of X and by By its closure. The family of all nonempty and bounded
subsets of X will be denoted by M x and W its subfamily consisting of all relatively weakly
compact sets. Moreover, let conv(A) denotes the convex hull of a set A C X. Let us recall
the following definition:

Definition 2.1 ([21]): Let X be a Banach space. A function u : Mx —> [0, +00[ is said
to be a measure of weak noncompactness in X if, for all A, B € My it satisfies the following
conditions:
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(i) u(A) = 0if, and only if, A is relatively weakly compact (A € Wy).
(i) IfA C B, then u(A) < u(B).
(iii) p(conv(A)) = p(A).
(iv) u(AU B) = max{u(A), n(B)}.
(V) u(A+B) < pu(A) + u(B).
(vi) w(AA) = |A|u(A), for A € C.

As an example of regular measure in a Banach space X, we have the measure of weak
noncompactness defined by De Blasi (see [22]) in the following formula: for all A € My,

w(A) = inf {t > 0, there exists C € Wy such that A C C + tI_BX} .

Definition 2.2: Let X and Y be two complex Banach spaces and w be the De Blasi measure
of weak noncompactness in the space Y. We define the function

O, : L(X,Y) —> [0, +00]
T +—> 0,/(T) = w(T(Bx)).

©,, is called a measure of weak noncompactness of operators associated with w.

Proposition 2.1: Let X and Y be two complex Banach spaces and T € L(X,Y). Then,

(i) w(T(F)) < ©,(T)w(F) for every F € Mx.

(i) ©,(T) < |IT].
(iii) If X =Y, then ®,(T") < (0, (T))" for every n € N.
(iv) Let C > 0 such that for every x € X, || Tx|| < C||x||. Then,

w (T(F)) < Cw(F).
(v) Let C > 0 such that for every x € X, ||x|| < C||Tx|. Then,

w(F) = Cw(T(F)).

Lemma 2.1 ([23]): Let X be a Banach space and A € L(X). An operator A is in & (X) with
i(A) < 01if, and only if, there exist two operators Ay and K such that Ay is in &4 (X) and one
to one, and K is a finite rank operator such that A = Ay + K.

Definition 2.3: Let X and Y be two Banach spaces.

(i) An operator T € C(X,Y) is said to have a left Fredholm inverse if there exists T; €
L(Y,X7) such that Iy, — T)T € K(X7).

(ii) An operator T € C(X,Y) is said to have a right Fredholm inverse if there exists T, €
L(Y,Xr) such that Iy — TT, € IC(Y).

Theorem 2.1: Let X, Y, and Z be Banach spaces, A € L(Y,Z) and B € L(X,Y). Then

(i) IfAB € ®,(X,Z), then B € ®,(X,Y).
(ii) IfAB € ®_(X,2), then A € ®_(Y,2).
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Theorem 2.2: Let X, Y, and Z be Banach spaces, A € L(Y,Z) and B € L(X,Y). If A and
B are Fredholm operators, upper semi-Fredholm operators, lower semi-Fredholm operators,
then AB is Fredholm operator, upper semi-Fredholm operator, lower semi-Fredholm operator,
respectively, and

i(AB) = i(A) + i(B).

Definition 2.4 ([24]): Let X be a Banach space and A € L£(X). A is called a generalized
Riesz operator if there exists a finite subset E of C such that

(i) ForallA € C\E,A — Al € ®(X),
(ii) forall A € C\E, A — AI has a finite ascent and finite descent, and
(iii) all X € o (A)\E, are eigenvalues of finite multiplicity and have no accumulation point
except possibly points of E.

Corollary 2.1 ([25]): A € 04p,s(T)\Oups(T) if, and only if, A is an isolated point of o4p,s(T),
an eigenvalue of T of finite multiplicity, asc(T — AS) < oo and R(T — AS) is closed.

Corollary 2.2 ([26]): Let X be a Banach space and let T € L(X). Then,
oub,s(T) = 0¢,,s(T) U acc agp,s(T),

where acc 04 s(T) is the set of accumulation points of 4 s(T).

Definition 2.5: Let X be a Banach space, T:D(T) C X — X and let S: D(S) C
X — X be densely defined linear operators with D(T) C D(S). T is said to be weakly
S-demicompact (or weak relative demicompact with respect to S), if every bounded
sequence (x,), in D(T) such that (Sx, — Tx,), converges weakly in X, it has a weakly
convergent subsequence.

3. Generalized weak S-demicompactness

In the rest of this paper, we denote — for the strong convergence and — for the weak
convergence.
Now, we introduce the following definition:

Definition 3.1: Let X be a Banach space and let A, S € C(X) with D(A) C D(S). A is
called a generalized weakly S-demicompact operator if there exists a finite subset E of C
containing 0 such that:

(i) Forall A € C\E, 1/AA is weakly S-demicompact operator,
(ii) forall A, € C\E, AS — A has a finite ascent, and
(iii) all A € o5(A)\E, are eigenvalues of finite multiplicity and have no accumulation
points except possibly points of E.

The set E is called a generalized set of A.
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Remark 3.1: (i) It should be noted that if, E is a generalized set of A and G is a finite subset
of C containing E, then G is also a generalized set of A.

(ii) Note that for S = I, we recover the usual definition of generalized weak demicom-
pactness of an operator introduced by I. Ferjani et al. in [27].

Now, we will show that there is a relationship between the class of generalized weakly
S-demicompact operators and upper semi-Fredholm operators acting on a Banach space.

Theorem 3.1: Let X be a Banach space, T € C(X) and S € L(X) such that 0 € p(S),
T(D(T)) C D(T) and S(D(T)) C D(T). Then, T is a generalized weakly S-demicompact
if, and only if, there exists a finite subset E C C containing 0 such that \S — T € ®_(X) for
all . € C\E.

Proof: Suppose that, there exists a finite subset E C C containing 0 such that AS — T €
@ (X) for all . € C\E. Since S is an invertible operator, we can write

AS—T =S —S'T) (1)

Taking into account Equation (1) and apply Theorem 2.1, we infer that Al — S™!T €
@ (X) for all , € C\E. Thus, S™!T is a generalized Riesz operator. Hence, according to
Definition 2.4, we have all . € o(S7!T) \E, are eigenvalues of finite multiplicity and have
no accumulation points except possibly points of E.

Now, the fact that S is bounded and invertible allows us to get the following equality:

o (S7'T) = og(T).

Consequently, we deduce that all A € o5(T)\E, are eigenvalues of finite multiplicity and
have no accumulation points except possibly points of E.

Now, let us check that asc(AS — T) is finite. Since S™! T is a generalized Riesz operator,
it follows that asc(A] — S™!T) < oo for all A € C\E.

We denote by ng = asc(AI — S™'T) < oo. Further, for any eigenvalues A € o (S™!T)\E,
we have mult(S~!T, 1) < oo which implies that

mult(S~!T, 1) = dim NI — S7IT) = dim NV ((AI — S71T)™) < 0.
We can write
A —=S'T=8"1s—1). )
Let n € N, using Equation (2), we have
W =S = (H"AS - T)"
Hence,
NS —T)") c N((M —S7'T)"), foralln € N.
This implies that
UNs—1n c | JNGI-sT"D)"

neN neN
Now, since dim |J,,cy V(M — STIT)") = dim N ((AI — ST1T)™) < o0, it follows that
dim N((AS — T)") < 0o, hence we get asc(AS — T) < oo, forall A € C\E.
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Now for the last point, using the fact thatasc(AS — T) < 00, we obtain that i(AS — T) <
0, then, in view of Lemma 2.1, there exists a bounded below operator Tj and K € K(X)
such that

AS—T=Ty+ K.
Let (x,,), be a bounded sequence in D(T) such that

AS—T)x, — x € X.

Then, ((Ty + K)xy,), converges weakly on X. Since K compact, it follows that (Kx,), has
a convergent subsequence (Kxp(n))n-

Consequently, (Toxy(n))x is @ weakly convergent sequence. Since Ty is bounded below,
we infer that there exists a positive constant C such that

llxll = Cll Tox|l,

for all x € D(T).
Let F = {x,, n € N}, then by using Proposition 2.1 we get

w(F) = Cw (To(F)) .

Thus, w(F) = 0 and therefore, (xy (1)), has a weakly convergent subsequence. Hence, we
get (1/A)T is weakly S-demicompact for all A € C\E. Thus, T is a generalized weakly S-
demicompact operator.

To prove the converse, let us first check that «(AS — T) < oc. Since T is a general-
ized weakly S-demicompact operator, it follows that asc(AS — T) < oo for all A € C\E.
We denote by p = asc(AS — T) < oo. Furthermore, for any eigenvalue A € os(T)\E, we
have mult(T, LS) < oo which implies that

mult(T, 18) = dim NS — T) = dim N (XS — T)?) < oo.
Hence, from the following inclusion
NGRS —T) C N((AS = T)P),

we get dim N (AS—T) = a(AS — T) < oo.

For the second part of this proof, we claim that R(AS — T) is closed. Let (x,), be any
sequence included in D(T). Let us take y, = (AS — T)x, such that y, — y € X. Since
(1/A)T is a weakly S-demicompact and

1 1
an — XTxn — Xy e X,

there exists a subsequence (xy(n))n of (x;,),, such that x,,) — x € X.
Using both

Xpmy = x and  (AS — Dxpm) — ¥»
together with the closedness of (AS — T), we infer that
xeD(T) and y=AS—T)x.
Asresult, y € R(AS — T). Hence, R(AS — T) is closed. [ |
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Remark 3.2: It seems that the hypotheses S is invertible cannot be dropped. Indeed,
let consider the backward shift A : > — 2, A(x1,%2,...) = (x2,%3,...) and define the
following two operators acting from I> x I to itself:

() -0

Then, AS — T € & (1> x 2) for all A € C\{0}. According to the above theorem T should
be generalized weakly S-demicompact, and in particular it should admit a nonnegative
integer n such that A'(AS — T)") = N'((AS — T)"*1) (the ascent of AS — T is finite).
However, it easy to see that dim NV ((AS — Ty =k forallk>1and A € C\{0}, so the
kernel equality can never happen.

The following result will show the connection between Fredholm operators having null
indices, and the class of generalized weakly S-demicompact operators.

Theorem 3.2: Let X be a Banach space, T € C(X) and S € L(X) such that 0 € p(S),
T(D(T)) C D(T) and S(D(T)) C D(T). If uT is a generalized weakly S-demicompact
operator for each u € [0, 1] with a generalized subset E, then AS — T € ®(X) and i(AS —
T) = i(AS), for all A, € C\E.

Proof: Since T is a generalized weakly S-demicompact operator for each o € [0, 1], then
AS — uT € &, (X) for all A € C\E. Moreover, from Remark 2.4 in [4], it follows that
the index i(AS — uT) is continuous in u and since it is integer, including infinite values,
it must be constant for every u € [0, 1]. Showing that i(AS — uT) = i(AS — T) = i(AS).
Consequently, AS — T € ®(X) and i(AS — T) = i(AS), for all A € C\E. [ |

Let us consider the following assumption for a given operator T.
(H) If (xp,), is weakly convergent sequence in X, then (Tx,), has a strongly convergent
subsequence in X.

Lemma 3.1: Let X be a Banach space, T € C(X) and S € L(X) such that 0 € p(S). If T is
weakly S-demicompact satisfying the assumption (H), then S — T is an upper semi-Fredholm
operator.

Proof: First, let us check that A/(S — T) is finite dimensional. Let
Q := {x € D(T) such that (S— T)x = 0 and ||x|| < 1},

and let (x,), be a sequence of Q. As T is weakly S-demicompact satisfying assumption
(H), there exists a subsequence (Xy(n))n of (x5), such that xy,) — x € X and Txyn) —
y. Thus, it follows from the boundedness of S~! that x,(,) — S™'y = x. Now, by using
the closedness of T, we deduce that x € D(T) and Tx = y. Consequently, x € N (S — T).
Moreover, from the fact that x,,) — x, we get ||x|| < liminf [xy | < 1. Hence, x € Q
andsoa(S—T) < 0.

Now, we have to prove that R(S — T) is closed. Let (x;,), be any sequence included
in D(T). Let us take y, = (S — T)x, such that y, — y € X. Since T is a weakly S-
demicompact and Sx, — Tx, — y € X, there exists a subsequence (xy(n))n of (X4)n
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such that x,(,;) — x € X. Using both x4,y — x and (S — T)xy(n) — y, together with the
closedness of (S — T), we infer that

xeD(I) and y=(S—T)x.

Asresult, y € R(S — T). Hence, R(S — T) is closed. This achieves the proof. [ |

Now, we give a characterization of generalized weakly S-demicompact operators by
means of a measure of weak noncompactness.

Theorem 3.3: Let X be a Banach space, T € C(X) and S € L(X) such that 0 € p(S),
T(D(T)) C D(T) and S(D(T)) C D(T). Assume that T satisfies the assumption (H). Then,
T is a generalized weakly S-demicompact if, and only if, there exist a positive constant C and
a finite subset E of C containing 0 such that for all bounded sets F C D(T)

w(F) < Cw ((AS — T)(F)), foralla € C\E.

Proof: Suppose that T is a generalized weakly S-demicompact, then by using Theorem 3.1,
there exists a finite subset E of C containing 0 such that AS — T € &4 (X) for all » € C\E.
Now, since asc(AS — T) is finite, it follows that i(AS — T) < 0, applying Lemma 2.1, there
exist a compact operator K and a bounded below operator Ty such that .S — T = K + T),.
Since Ty is bounded below, there exists a positive constant C such that

lxll < Cll Tox|l,

for all x € D(T).
Hence, by applying Proposition 3.1, we get

w(F) = Cw ((AS = T)(F)),

for any bounded set F C D(T).
To prove the converse, suppose that there exist a positive constant C and a finite subset
E of C containing 0 such that for every bounded set F of X,

w(F) < Cw ((AS — T)(F)), forall . € C\E.
Let (x,), be a bounded sequence of D(T) such that
AS —T)x, — x € X.

Choose F = {x,; n € N}. It is clear that F is a bounded set of D(T) such that w((AS —
T)(F)) = 0. Hence, w(F) = 0 which follows that (x;,), has a weakly convergent subse-
quence. Consequently, (1/1)T is weakly S-demicompact for all A € C\E. Now, since T
satisfies (H), it follows from Lemma 3.1 that AS — T € ®_(X) for all A € C\E. Thus,
applying Theorem 3.1, T is a generalized weakly S-demicompact operator. |

Corollary 3.1: Let X be a Banach space, T € L(X), A € L(X) and S € L(X) such that 0 €
p(S). Suppose that there exists an integer n > 1, such that (AT)" or (TA)" satisfy the assump-
tion (H) and AT — TA € W(X). Then, (AT)" is a generalized weakly S-demicompact if, and
only if, (TA)" is a generalized weakly S-demicompact.
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Proof: Suppose that (AT)" is a generalized weakly S-demicompact. In the view of
Theorem 3.3, there exist a positive constant C,, and a finite subset E of C containing 0
such as for all F € My,

w(F) < Cyw ((AS — (AT)")(F)), forall A € C\E.
Hence, for every bounded set F,
w(F) < Cyw ((AS — (TA)")(F)) + Cuw ((TA)" — (AT)")(F)) .

Using the following identity:

n—1
(TA)" — (AT)" = ) (TA)X(TA — AT)(AT)" 7,
k=0

we infer that (TA)" — (AT)" € W(X). Hence, for all F € My,
w ((TA)" — (AT)")(F)) =
Accordingly, for all F € My,
w(F) < Cyw ((AS — (TA)")(F)), forall A € C\E.

In view of Theorem 3.3, we conclude that (TA)" is a generalized weakly S-demicompact.
The converse is proved similarly. |

Lemma 3.2: Let X be a Banach space, T € C(X) and S € L(X) such that S # 0. Assume
that S — T satisfies the assumption (H). If T is a S-demicompact operator, then T is a weakly
S-demicompact operator.

Proof: Let (x,), be a bounded sequence of D(T) such that y, := Sx, — Tx,, — y.Since T
is a S-demicompact operator, by using Theorem 2.1 in [7], we deduce that S — T € ¥4 (X)
which implies that S — Te @, (X7,X). Theuseof a(S — T) < oo, implies that there exists
a closed subspace X; of X such that

X=NES-T) & X,.

Since X is a closed subset of X and T € C(X), we deduce that Xy N D(T) is a closed subset
of Xr. Therefore (Xo N D(T), ||.||T) is a Banach space. Hence,

Xr =N —T) & [D(T) N Xl

Then, (S— ?)p(omD(T) KXo ND(T), |.lIT) — (RS —=T),]|.) is invertible with
bounded inverse on R(S —T)=TR(S — ?) Then from the boundedness of ((S—
T) | XOQ’D(T)) LonR(S — T) we havex,, — (S — T) 1(»). Taking into account the fact that
S — T satisfies (H), we deduce that (S — T)x(p(n) — %,50 (S — T)Xy(n) — X. From the rel-
ative demicompactness of T, there exists a convergent subsequence (xXy (¢(n)))n Of (Xp(n))n
such that xy y(n)) — z. Hence, xy (y(n)) — z and this achieves the proof.
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Theorem 3.4: Let X be a Banach space, A € L(X) and S € L(X) such that 0 € p(S) and
0 € oup,s(A). Assume that LS — A satisfies the assumption (H) for all . € C\{0}. Then, A
is a generalized weakly S-demicompact if, and only if, A has a finite upper semi-Browder
S-spectrum.

Proof: Suppose that A is a generalized weakly S-demicompact. Then, from Theorem 3.1,
there exists a finite set E C C containing 0 such that forallA € C\E,A — AS € & (X) and
have a finite ascent. Therefore 0, s(A) C E and hence 0, 5(A) is a finite subset.

To prove the converse, suppose that o, s(A) is a finite subset of C. For all & €
C\oyups(A), A — AS is an upper semi-Browder, then A — AS is an upper semi-Fredholm
which implies from Theorem 2.1 in [7] that (1/A)A is a S-demicompact for all A €
C\oyups(A), so from Lemma 3.2, we infer that (1/1)A is a weakly S-demicompact for all
A € C\oyps(A). Furthermore, we have asc(A — AS) < oo, forall A € C\op5(A). Let A €
0s(A)\oyup,s(A). Since A € o5(A), by using Corollary 2.2, A is an isolated point of o4 s(A).
Hence, A € 04p,s(A)\0up,s(A). Now, applying Corollary 2.1, we deduce that A is an eigen-
value of A of finite multiplicity. Again, by using Corollary 2.2, we getall & € o5(A)\oyps(A)
have no accumulation point except possibly points of o, s(A). Therefore, A is a generalized
weakly S-demicompact with a generalized set o5 5(A). |

In the end of this section, we will give some perturbation results and the relationship
between the S-essential spectrum of the sum of two linear operators and the S-essential
spectrum of each one.

Theorem 3.5: Let X be a Banach space, T € L(X), A € L(X) and S € L(X) such that S #
0 and 0 € p(S). Assume that there exists a finite subset E of C containing 0 such that the
following assertions hold :

(i) Forevery A € ®4(144),s\E, there exists Fy; a left Fredholm inverse operator of (AS —
T — A) such that =Y, (T, A)F,; is a generalized weakly S-demicompact with a general-
ized set E.

(ii) For every A € ®_(1+4)s\E, there exists Hy; a left Fredholm inverse operator of (AS —
T — A) such that =Y, (A, T)H,, is a generalized weakly S-demicompact with a gener-
alized set E.

Then,
[0e,,5(T) U ey S(A)\E C [0¢,,s(T + A)I\E,
where Y, (T,A) = TA — A[T,S] and [T,S] = TS — ST.

Proof: Let . € C\E. If there exists F,; a left Fredholm inverse operators of (AS — T — A),
then F3;(AS — T — A) = I — K where K € K(X), then we have

(AS — T)(AS — A) = AS(AS — T — A) + T;.(T, A)
— AS(AS — T — A) + Y5.(T, A)F,y(AS — T — A) + 1;.(T, A)K.
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We conclude

AS—T)AS—A) = AS+ W (T,AFE)AS —T—A) + 1) (T,AK. (3)
In the same manner, we can write

AS—AAS—T)=AS+0ADH,DAS—T —A)+ Y, (A, T)K. (4)

Letd & 0¢, s(T+ A) UE,thenAS — T — A € @, (X) and set F,; and H); are left Fredholm
inverse operators of (AS — T — A) such that — Y, (T, A)F,; and —Y (A, T)H,; are gen-
eralized weakly S-demicompact. Now, applying Theorem 3.1, we get (AS + Y3 (T, A)F,))
and (AS 4+ Y (A, T)H,)) are upper semi-Fredholm operators on X, for all A € C\E. Using
Theorem 2.2, Equation (3) and (4), we prove that (AS — T)(AS — A) and (AS — A)(AS — T)
are upper semi-Fredholm operators both. Now, Theorem 2.1 completes the proof. |

Theorem 3.6: Let X be a Banach space, A € L(X), B € L(X), S € L(X) such that S # 0,
0 € p(S) and let E be a finite subset of C containing 0.

(i) If for every A € @ (a+B)s\E, there exists F; (resp. Fy,) a left (resp. right) Fredholm
inverse operator of (AS — A — B) such that t(L[A,S] — AB)F,; (resp. tFy,(A[S, B] —
AB)) is a generalized weakly S-demicompact with a generalized set E for any . € [0, 1],
then

ey, S(A + B)\E C [0¢,,5(A) U 0, s(B)]\E.

(ii) Moreover, if there exists Hy; (resp. Hy,) a left (resp. right) Fredholm inverse opera-
tor of (AS — A — B) such that w(A[B,S] — BA)H,; (resp. wH,(A[S,A] — BA)) is a
generalized weakly S-demicompact with a generalized set E for any v € [0, 1], then

ey, $(A + B)\E = [0¢,,5(A) U 0¢,,s(B)\E,

where [A,S] = AS — SA.

Proof: (i) Let A € C\E. If there exists F,; (resp.F,,) a left (resp. right) Fredholm inverse
operator of (AS — A — B), then there exists K € IC(X) (resp.K' € K (X)) such that F;;(AS —
A —B) =1—K (resp. (A\S — A — B)F;, = I — K’). Thus, we have
(LS — A)(AS — B) = AS(AS — A — B) + ©; (A, B)
— 2S(AS — A — B) + ©; (A, B)F;j(AS — A — B) + ©; (A, B)K
— (AS + ©,(A, B)F;))(AS — A — B) + O, (4, B)K,

where ©; (A,B) = AB — A[A, S].
(resp. (AS — A)(AS — B) = (AS — A — B)(AS + F5,(A[B,S] + AB)) + K'(A[B,S] + AB).)

Let A ¢ [0¢,,5(A) U0, s(B)JUE, then S — A € ®(X) and AS — B € &(X). It follows
from Theorem 6 in [26] that (AS — A)(AS — B) € ®(X). As u([A,S] — AB)F,; (resp.
WwF+(A[S, B] — AB) ) is a generalized weakly S-demicompact, it follows from Theorem 3.2
that (AS + ©,(A, B)Fy;) (resp. (AS 4 Fy»(A[B,S] + AB)) ) is a Fredholm operator. Now,
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using the fact that ®, (A, B)K (resp. K'(A[B,S] + AB)) is compact, we conclude together
with Theorem 7.12 in [28] that AS — A — B € ®(X). Hence, A ¢ 0,, 5(A + B).

(ii) Conversely, if A ¢ o,,s(A 4+ B) UE, then arguing the operators as above, we
deduce that (AS —A)(AS — B) € ®(X) and (AS — B)(AS — A) € ®(X). According to
Theorem 5.14 in [28], we conclude that AS — A € ®(X) and AS — B € & (X).

Thus, & ¢ [0¢,5(A) U 0, s(B)]\E. o

4. Generalized weak S-demicompactness results for block operator matrices

The purpose of this section is to discuss the S-essential spectra of the closure L of the 2 x 2
operator matrix Ly which acts on the Banach space X x X, where S is a bounded invertible
operator, formally defined on the product space X x X by a matrix:

(ST S
Si= (53 34)’

Ly = (é g) . )

The operator A acts on X and has domain D(A), D is defined on D(D) and acts on the
Banach space X, and the intertwining operator B (resp. C) is defined on the domain D(B)
(resp., D(C)) and acts on X.

In what follows, we will assume that the following conditions hold:

and Ly is given by

(H1) The operator A is a closed, densely defined linear operator on X with a nonempty
Si-resolvent set pg, (A).

(H2) The operator B is a densely defined linear operator on X and, for some (hence for
all) u € ps, (A), the operator (A — uS1) ' Bis closable. (In particular, if Bis closable,
then (A — uS;) !B is also closable).

(H3) The operator C satisfies the inclusion D(A) C D(C) and, for some (hence for all)
i € ps, (A), the operator C(A — wS1) ! is bounded.

(H4) The lineal D(B) N D(D) is dense in X and for some (hence all) i € ps, (A), the
operator D — C(A — uS;) "' Bis closable. We will denote the closure of the operator

D — (C— uS3)(A — uS1) 1B — uSy) by S(w).

Remark 4.1: (i) From the closed graph theorem, it follows that the operator G(u) :=
(A — uS1) "B — uS,) is bounded on X.

(ii) From the assumption (H3), it follows that the operator: F(A) = (C — uS3)(A —
1S1)~ ! is bounded on X.

Now, let us recall the following result which describes the closure of the operator L.

Theorem 4.1 ([8]): Let conditions (H1)-(H3) be satisfied and the lineal D(B) N'D(D) be
dense in X. Then, the operator Ly is closable if, and only if, the operator D — C(A — 1S1)~'B
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is closable on X, for some . € ps, (A). Moreover, the closure L of L is given by:

_ I 0\ /[A—-uS 0 I G(u)
L_MS+<F(M) 1)( 0 S(M)—MS4)<0 1)-

Remark 4.2: LetA € Cand pu € pg, (A). Writing AS — L = uS — L + (A — p)Sand using
Theorem 4.1, we have

(T 0\(iSi—4 0 I Gw) .
AS_L_(F(M) 1)( 0 AS4—S(M)>(O 1) (A = )M )

= UVOOW = (. — )M (W), ©)
where
(0 SGw-s,
M) = (F(msl — 5 F(u)slc;(u)) :

In all that follows, we will consider the following invertible matrix operator:

s:= (3 52) e paxx x), (7)
S3 84
such that 0 € p(S1) N p(Sy).
Now, we start this section by a result for a particular representation of Ly.

Lemma4.1: Let X be a Banach space, A € L(X), B € L(X) and consider the 2 x 2 operator

matrices
A C
e (29),

where C € L(X) and S € L(X x X) with the representation (7). Assume that Sz € F(X).
Then, A is a generalized weakly S -demicompact operator and B is a generalized weakly S4-
demicompact operator if, and only if, Mc is a generalized weakly S-demicompact operator.

Proof: Let 1 € C. Clearly, we have
_(AS1—A A —-C\ _[(0 0O AS1—A AS;—-C
1S MC_( 1S3 AS4—B>_<AS3 0)+< 0 AS4—B>'

Since A is a generalized weakly S;-demicompact and B is a generalized weakly S4-
demicompact, then there exist two finite subsets E; and E, of C containing 0 such
that AS; — A € @ (X) for all A € C\E; and AS4 — B € ®4(X) for all » € C\E,. From
Remark 3.1, it follows that also A is a generalized weakly S;-demicompact and B is a
generalized weakly S4-demicompact with a generalized set E = E; U E,. This allows us
to get AS; —A € & (X) and ASy — B € & (X) for all A € C\E. Now, when applying
Lemma 6.6.1 in [8] and using the fact that S3 € F(X), we get AS — M¢ € (X x X) for

allA € C\E,and forevery C € L(X).Hence, from Theorem 3.1, M is a generalized weakly
S-demicompact with a generalized set E.
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To prove the converse, assume that Mc is a generalized weakly S-demicompact operator.
From Theorem 3.1, there exists a finite subset E of C containing 0 such that LS — Mc¢ is an
upper semi-Fredholm operator, for all A € C\(E U o5, (B)).

First, we put the following factorization:

(0 0\, (ASi—A A8 —C
1S MC_(ASg o>+< 0 AS4—B>

(0 0 I (AS; —CO)(AS4 —B)™M\ [AS1—A 0\ (I 0
_xs3o+o I 0 1J\o xS,—B)"

Since we have found that

Mi—A O\(T 0 \_ (I 0 A —A 0
o 1)\o 28,—B) "o is,-B o 1)

sousing the facts that AS — M¢ € & (X x X) and S3 € F(X), it follows from Lemma 6.6.2
in [8] that 1S; — A and 1S4 — B are upper semi-Fredholm, for all A € C\E. Consequently,
by using Theorem 3.1, the operators A is a generalized weakly S;-demicompact and Bis a
generalized weakly S4-demicompact. |

Now, rewrite the Frobenius—Schur factorization:

ol =aps - <F(M) 1) ( 0 apSs — aS(W) (0 I >

Let A € C, we have

_ I 0\ [AS; — A 0 I Gy .,
)‘S_“L_<F(M) 1)( 0 AS4—aS(;L)) <o i ) (% = )M(u)

= UVeMW — (A —ap)M(u).

Theorem 4.2: Let X be a Banach space and S € L(X x X) with the representation (7).
Assume that the operator Ly defined in Equation (5) satisfies (H;)-(Ha4) and let L be its
closure. Let u € ps, (A) and A € C. If for t € [0, 1], the operators tA is a generalized weakly
S1-demicompact, tS() is a generalized weakly Sy-demicompact and M(p) € F (X x X),
then oL is a generalized weakly S-demicompact operator, for all o« € [0, 1].

Proof: Let u € ps,(A), a € [0,1] and A € C. According to Equation (6), we have
AS— oL = UVy(MW — (A —apu)M(u).

Since oA is a generalized weakly S;-demicompact and «S(w) is a generalized weakly
Ss-demicompact, then there exist two finite subsets E; and E; of C containing 0 such
that AS; — @A € &, (X) for all A € C\E; and AS; — aS(u) € & (X) for all A € C\E,.
From Remark 3.1, it follows that also «A is a generalized weakly S;-demicompact and
aS(w) is a generalized weakly S4-demicompact with a generalized set E = E; U E;. This
allows us to get AS; — ¢A € 4 (X) and ASy — aS(n) € P (X) for all » € C\E. Now,
when applying Lemma 6.6.1 in [8], we get Vi (1) € &4 (X x X) for all A € C\E. Taking
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into account the fact that M(u) € F4+ (X x X) and the boundedness of the operators U,
W and theirs inverses, we deduce that AS — «L € &4 (X x X) for all A € C\E. Hence,
from Theorem 3.1, oL is a generalized weakly S-demicompact operator with a generalized
set E. |

Corollary 4.1: Let X be a Banach space and S € L(X x X) with the representation (7).
Assume that the operator Ly defined in Equation (5) satisfies (Hy)-(Hy) and let L be its clo-
sure. Let i € ps, (A) and L € C.If A is a generalized weakly S;-demicompact operator and
S(w) is a generalized weakly S4-demicompact operator and M(i) € F1 (X x X), thenLisa
generalized weakly S-demicompact operator.

Proof: The proof is a direct application of Theorem 4.2 for @ = 1. |

Theorem 4.3: Let X be a Banach space and S € L(X x X) with the representation (7).
Assume that there exists a finite subset E of C containing 0, the operator Ly defined in
Equation (5) satisfies (Hy)-(Ha) and let L be its closure. Then

(i) Ifthe operators A is a generalized weakly Sy -demicompact, S(10) is a generalized weakly
S4-demicompact with a generalized set E and M(j) € F (X x X), then

Gers (D\E = 06,5, (4) Uy, (S())\E.

(ii) If for all o € [0, 1], the operators oA is a generalized weakly Sy -demicompact, aS() is
a generalized weakly S4-demicompact with a generalized set E and M (i) € F(X x X),
then

e (L\E = [0¢,5, (A) U 0,5, (S(W)I\E, where i € {4,5}.

Proof: (i) Since A is a generalized weakly S;-demicompact and S(u) is a generalized
weakly S4-demicompact and M(u) € F4 (X x X), it follows from Corollary 4.1 that the
matrix operator L is a generalized weakly S-demicompact. Hence, from Theorem 3.1, there
exists a finite subset E of C containing 0 such that AS — L is an upper semi-Fredholm
operator for all . € C\E.

According to Remark 4.2, we have

(T 0\[(Si-4 0 I Gw) .
AS_L_<F(M) 1)( 0 AS4—S(M)>(O 1) (A = )M ()

=UVIOW — (A — w)M(w),

where

0 S1G(n) — Sz)
F(u)$1 — 83 F(u)$i1G(w) )

Using the fact that M(p) € F (X x X), we infer that AS — L € & (X x X) if, and only
if, the operator UV(L)W is such too. Now, since V and W are invertible and have

M(p) = (
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bounded inverses, hence AS — L € (X x X) if, and only if, V() € @4 (X x X) which
is equivalent to AS; — A € &4 (X) and LS4 — S(n) € 4+ (X). Thus,

Geys (D\E = [0¢, 5, (A) U oy, (S(W)I\E.

(i) Since oA is a generalized weakly S;-demicompact, «S(u) is a generalized weakly
S4-demicompact operators for all o € [0,1] and M(un) € F(X x X), it follows from
Theorem 4.2 that the matrix operator oL is a generalized weakly S-demicompact for all
o € [0,1]. Hence, from Theorem 3.2, A\S — L € ®(X x X).

Now, a similar reasoning as (i) allows us to conclude that

Oeys (D\E = [0y, (A) U gy, (S())\E:

For Schechter’s spectrum. Since A is a generalized weakly S;-demicompact and aS(u) is
a generalized weakly S4-demicompact for all « € [0, 1], it follows from Theorem 4.2 that
the matrix operator oL is a generalized weakly S-demicompact for all & € [0, 1]. Hence,
from Theorem 3.2, AS — L € &(X x X) and i(AS — L) = 0.

Now, when using the same argument of (i), we infer that

Oess (L\E = [0esg (A) U 0es g, (S(1)]\E. u
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